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CHAPTER 1

WELCOME TO RETHINKING
FRACTIONS

We are delighted to bring you this resource, which is the culmination of
over a decade of collaboration, research, curriculum development, and
writing on fractions. Through the years, our focus has been on examining
fractions teaching on both local and international levels, on deconstructing
the core concepts of fractions understanding, and on finding ways to make
the teaching and learning of fractions effective and engaging. Since the
project began in 2011, our research team of Cathy Bruce, Tara Flynn,
and Shelley Yearley has been fortunate to collaborate with educators
and students in classrooms across Ontario. Through a process called
collaborative action research, we were able to engage deeply in thinking
about fractions with 86 educators, and to try things out in classrooms
involving 2292 students. We were also fortunate to engage with many other
educators who participated in professional learning about fractions. Dozens
of educators field tested research artefacts and shared their data with us.

As a result of this collaboration, we were able to build strong evidence
and confidence in “what works.” Through in-depth analysis of both
quantitative and qualitative data gathered through the research process,
we have identified eight core concepts that underpin essential fractions
learning and form the foundation for thinking about and working with
fractions. These eight core concepts, and the related assessment
and learning materials in this resource, have been collaboratively
developed, field tested, and refined in a variety of real-world contexts.
Our experience and data show that when students engage with these
core concepts and tasks, they develop the understanding and skills to
capably and confidently work with fractions.

Our hope is that this resource will help students to develop a deep
understanding of

« unit fractions (the base of all fractions); and
« the eight core concepts (the keys to unlocking fractions
understanding).
For educators, we hope that this resource will help you to assess
students’ understanding and possible misconceptions via the use of
targeted, field-tested questions and recommended next steps that

- reveal student understanding; and
- respond to student needs (with precise and differentiated tasks
and instruction).

The empowerment of students is an important underlying goal of our
research program. We hope this resource will empower your students by
helping to scaffold their understanding of this critical area of mathematics.

Chapter 1: Welcome to Rethinking Fractions



Overview

This overview outlines what you will find in Rethinking Fractions, both
in the book and on the website, and provides guidance for how to use
the resource to support instruction.

The 8 Core Concepts

See Chapter 4 for more Eight core concepts form a trajectory of learning that moves generally
information about the from foundational to more complex ideas. The trajectory is designed
trajectory of learning and to help students form strong schemas and mental representations of

each of the eight core

fractions, allowing them to work with increasingly difficult fractions
concepts.

ideas with understanding.

Figure 1.1 The core concepts and trajectory were developed through our research with educators from Kindergarten to Grade 12
classrooms. Across all eight core concepts, there is a focus on the unit fraction as the foundation to understanding and working
with fractions.

Partitioning Unit

Equally Partitioning Fractions to Make

Decomposing

] Quantities
Naming and Comparing

Counting Fractions
Fractional Amounts

?E‘Zﬂgé{”ﬁiﬁas Smaller Unit Fractions ‘
Multiplying
and Dividing

Composing Fractions
and Adding and
Subtracting

Fractions

Estimating
Proportions

Core Concepts 1to 4 lay a strong foundation for understanding
fractions, while Core Concepts 5 to 8 allow students to apply this
understanding to more complex thinking about fractions. Although
the core concepts move in a direction of increasing complexity, they
do not act as a linear prescription for learning. Rather, relationships
across the core concepts allow us, as educators, to identify students’
needs and support their learning by moving among concepts. For
example, a student who is struggling with addition and subtraction
of fractions (Core Concept 7) may be supported by opportunities to
name and count fractional amounts (Core Concept 3) or to compose
and decompose fractions (Core Concept 4). The assessment questions
that are unpacked in detail in this resource will help to identify student
areas of strength as well as areas of need.

2 Rethinking Fractions: 8 Core Concepts to Support Assessment and Learning



Why Gears?

We have used gears in this resource as a metaphor for illustrating the manner in which the
eight core concepts interconnect and, together, propel understanding of fractions forward.
When gears are at work, one gear rotates clockwise, which causes the next gear to rotate
counter-clockwise. The first “gear” or core concept puts our thinking in motion, then causes
the next gear to move in a responsive and complementary direction toward new and more
complex ideas. One gear gives us traction to move to the next powerful idea. We were
inspired by the work of Seymour Papert, the mathematician and computer science pioneer
who designed the Logo program to teach children computer language and programming
at the Massachusetts Institute of Technology (MIT) in the 1970s and 1980s. He used gears
as objects-to-think-with all his life—and connected gears to ratios, multiplication, algebra,
and most other areas of mathematics and computer science in which he worked, including
coding. We wanted to find a way to display the core concepts visually without implying a
hierarchy or a strictly linear progression. For us, the visual of the gears reminds us of the
movement and dynamic interplay of ideas across the core concepts—they work together to
support a deep and flourishing understanding of fractions.

What'’s in the Book?
The book consists of two sections.

Section A

Chapters 2 through 4 give you background information on why
fractions are important and the long-term value of teaching fractions
with an emphasis on unit fractions; the types of reasoning that support
fractions understanding; and an overview of each of the eight core
fractions concepts that are developed in the book.

Section B

There are eight core concepts in this resource. Each concept is
explored in its own chapter that includes the following components:

« A detailed explanation of the core concept

« Two or more quick-to-use assessment questions to gain a
better sense of what students understand about the concept.
Sample student responses provide insights into how students
might respond to a question and what their response may tell
you about their understanding. Based on student responses,
next steps outline suggestions for follow-up and point to a task
(or tasks) to extend student understanding.

« Two or more classroom tasks that focus on deepening student
understanding of the core concept. These tasks include
o an overview;
o a description of the mathematics in the task;

a clearly defined task sequence;

questions to pose during the task;

o precise instruction notes;

o

o

Chapter 1: Welcome to Rethinking Fractions
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o suggestions of what to look for as students engage with the
task; and
o notes about what we observed during field testing.

What’s on the Website?

The website is accessed via a unique code that is printed on the
inside front cover of your book. It contains both necessary and
supplementary material to the book, and includes

- line masters with the individual assessment questions from the
book as well as parallel questions that can be used for variety;

- line masters needed to complete the tasks;

« full assessments, with support to help you choose the right
assessment according to your goals and the age/stage of your
students;

« tools to analyze student results from the assessment questions;

« a glossary of selected mathematical terms used in this book

(these terms are usually indicated with boldface type the first time

they are used); and

« curriculum maps that identify how the core concepts are aligned
with mathematics curricula across Canada as well as with NCTM
standards.

Using This Resource
There are two main ways you might use this resource.

1. You may want to start by using the assessment questions to gather

diagnostic data in order to gain formative insights about your

students’ knowledge, skills, and understanding related to fractions.

This data will help you to decide where to focus your energies—
which concept(s) may require only a light touch, and which
concepts may require a deeper focus to guide your instruction.
The assessment questions, student samples, analysis, and next
steps are designed to help give you deeper insight into your
students’ understanding and support your learning and comfort
with fractions.

2. You may decide to jump directly into the tasks that are aligned
with each of the eight core concepts. In this case, we recommend
starting with the tasks in Core Concept 1 (Estimating Proportions)
and working through the eight core concepts in order, since
they form an intentional sequence or progression. If taking this
approach, the assessment questions may still be used to gather
formative data (for example, as practice questions or exit tickets)
or even summative data, if that fits with your assessment goals.
Although the assessment questions tend to be written through a
diagnostic lens, the unpacking of the questions will support you in
gaining insights into student understanding in whatever way you
choose to use them.

Rethinking Fractions: 8 Core Concepts to Support Assessment and Learning



How This Resource Works through the Grades

This resource spans Grades 3 through 9, with some reach below
and above these grades. You will notice that there aren’t grade-
specific recommendations for any of the assessment questions or
tasks. During the research process that led to the writing of this
resource, our collaborative research teams of course considered
grade-level and curricular expectations, as this is the immediate
context of every classroom teacher. However, our primary lens was
on the mechanisms by which fractions understanding is built. We set
aside our own assumptions and biases about how students come

to learn fractions (which are often informed by curricula) to focus on
the complex web of concepts that underpin fractions and how the
understanding of these concepts grows. We wanted to deconstruct
the building blocks—or, using what for us is a more apt metaphor,
take apart the gears—of these concepts to understand how they
connect and how they might be sequenced in instruction to move
student thinking forward. What resulted is the eight core concepts—a
developmental continuum focused on the concepts that underpin
fractions understanding.

Throughout the research, educators found that the questions and
tasks worked across multiple grades. They were intentionally designed
to be open enough to be accessed by students from a wide range
of ages and stages and to provide challenge for students who are
ready to show more complex or nuanced understanding. Additionally,
we note that students across a range of grades may not have had
opportunities to develop all of these concepts, and so may have gaps
that have led to a shaky understanding of fractions.

The core concepts build on one another. A sequential approach
starting with Core Concept 1 (no matter your grade or level) is good
for all students, and essential for some. For later grades and older
ages, you might think that it would be better to start later in the series
of core concepts. Through our classroom research, we learned that it
is important for all students to start with Core Concept 1. Some earlier
concepts may be familiar to older students, and they may not need
much time with these (e.g., estimating proportions). You may be able to
move through those core concepts at an accelerated pace with older
students to establish a foundation before moving to more complex
ideas. In our experience, the investment was “time-positive—meaning
that although starting with Core Concept 1took a small investment of
time up front, it paid off later as students tackled more complex ideas
with confidence. This applied not only to later fractions concepts
but also to areas beyond fractions—algebra, in particular. (Each core
concept chapter includes a “Connecting to Other Mathematics”
section that describes one or two math topics that link to the core
concept being considered. Additional related topics are described
on the Rethinking Fractions website.) Many tasks provide options for
variations and extensions to further tailor the learning to your students’
needs.

Chapter 1: Welcome to Rethinking Fractions
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Digging Deeper into the Components
of Rethinking Fractions

This resource centres on three main components:

- atrajectory of eight core concepts of fractions that serves as the
framework for the resource;

- assessment questions for each core concept to help you assess
students’ understanding; and

- tasks aligned to the assessment questions that consolidate and
extend students’ understanding.

Assessment Questions

The assessment questions are simple paper-and-pencil questions that
can be answered in approximately 10 minutes. A line master for each
assessment question is provided on the website. There are two copies
of a question per page so you can print, copy, and cut the page in half
to distribute to students. If using electronic displays and discussion
format, you can project an image of the question from the line

master file. Alternatively, the assessment questions are also available in
the form of multi-question assessments on the website.

Figure 1.2 Here is a sample assessment question from Core Concept 1.

ASSESSMENT QUESTION 2: Estimating the Value of a Quantity
Greater than a Whole

Assessment If A is 1 whole, what fraction does B show?
Question A B
What Is Being Students’ understanding of a fractional portion greater than the whole

Assessed

To ini! the individual question, use Line Master 1-2 (estimated time: under

10 minutes).

To administer as part of a larger assessment, see the options available on the website
(estimated time: varies).

Note: See Chapter 1 for additional information on possible strategies for implementing
assessment questions.

Support for Analyzing Student Responses

Along with each assessment question, we unpack the mathematics
underlying the question (What Mathematics Lives in This Question?).
We also provide explanations of what we typically saw in student
responses during the research (What to Look For in Student
Responses). In addition, you will find the following supports to help you
unpack student thinking in response to each question:

Rethinking Fractions: 8 Core Concepts to Support Assessment and Learning



General Guidelines for Assessing Student Responses
This scale allows for quick analysis of student thinking when reviewing  For more information and

student responses. Detailed guidelines for analysis follow in the table background on the analysis
below. of student responses, see
Chapter 1,

Makes no attempt or leaves blank: 0

Provides incorrect response (e.g., may treat B as the whole and
give answer of %y- 1

States a fraction between 11-and 12: 2

Answers correctly 12: 3

Detailed Analysis of Student Responses (Assessment Question 2)
Focus: Understand a fractional portion greater than the whole

No or limited demonstration of understanding: 1

Sample Analysis
AW hole bt tiction dose B showt Provides no partitions or other information; provides |
8 incorrect response
| L
7
WAls T whol,wha acion does B show? Treats B as the whole; relates A to B
A
T =
3

Creates partitions relatively equally but doesn't
name fraction correctly based on partitions (this
should have been 12)

Next Steps

You might consider asking the student the question again, in a guided-instruction or teacher-conference (one-
to-one) format, to gain deeper insight into their thinking. If this is part of a set of assessment questions, you
should be able to determine whether the student understands estimating fractions of a whole but struggles
with estimating quantities greater than one whole but less than two wholes. It may be appropriate to spend
additional time on equipartitioning to name a quantity, using bars and/or rectangles. The Pipe Cleaner
Fractions task (page 61) would be appropriate for a student who needs further support with equipartitioning.

The student may need more experience with estimating portions and partitioning quantities greater than one
whole but less than two wholes, especially using vertical inear models. It may be helpful to discuss daily lfe
applications of fractions that involve a fraction greater than one whole, such as 13- cups of flour, 14 hours,
and 13 days. Highlight that the fraction is named relative to the whole, 50 itis important to identify the whole
(in this question, the shorter bar). Height comparisons are also a practical reallfe context: for example, how
much taller is your friend than you?

For ease of reference while marking, we provide
general guidelines for assessing student
responses. Our scale for assessing student
responses is based on analysis of more than 45000
individual assessment responses and was refined
over many years—often with extensive discussion
during moderated marking of assessments with
educators who participated in the research.
Responses are categorized on a scale of O to 3.

For each question, we provide a detailed analysis,
including samples of student responses. In

the creation of this resource, we recreated all
student samples to reduce visual distractions of
poor handwriting, extraneous information (e.g.,
patterns or colours), and messy (but accurate)
representations. Sometimes, in order to reduce the
overall number of samples, aspects from multiple
samples were combined into one recreated sample.

For each type of response, we provide concrete
next steps, including recommendations for which
task(s) to try next.

Acknowledging the Tensions of Scoring Student Responses
The guidelines for scoring student responses uses a scale from O to
3, with O indicated for “no response,” 1 indicated for “no or limited
understanding,” 2 indicated for “some understanding,” and 3 indicated
for “clear understanding.” We understand that it can be uncomfortable
to assign such a simple scale to written representations of student
thinking. We share this discomfort. It is especially challenging when
evaluating the work of your own students, whom you know so well.
You know from conversations and other modalities of showing their
thinking that they know more than they are putting on the page. They
may have been hungry or distracted or just having an “off” day. We
encourage you to focus on what they have shown on the page, without
making inferences about what they know based on other information.
This is exceedingly difficult but can glean very interesting data,
particularly if you are using a pre—post strategy, because it will allow
you to see the change in their expression of what they understand.
The scale was designed to be simple and quick to score, so that
you can quickly get to a stage of using the assessment data to inform
instruction. Also note that assigning a numeric scale to the range of
responses allows you to work with a heat map, if you choose, which is
a powerful way of making your class data visible and guiding where to

go with individuals and with the group.
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You may notice that the
analysis of student samples
and next steps are given
primarily through a diag-
nostic lens—leaning toward
detailed recommendations
for what students may need
and where to go next based
on what their responses indi-
cate about their understand-
ing. However, even if you are
using the information from
assessment questions for a
purpose other than diagnos-
tic assessment, this same
information is still highly
relevant and should help to
inform your unpacking of
student responses.

Figure 1.3 A formatted Excel spreadsheet that will allow you to use the class results of an
assessment to generate a heat map is available on the website. The heat map is a visual display
of the data from student responses that helps you to see the areas of strength and need.

You may not necessarily agree at first glance with the parameters
we’ve established for scoring, but we ask you to trust the guidelines as
much as you are able when marking the assessment questions and, as
much as possible, to follow the parameters outlined.

Debate is healthy and welcomed. If you are able to use this resource
as part of a collaborative inquiry process and have an opportunity to do
moderated marking of the assessments, you may find yourselves in lively
conversation over scoring while examining individual student responses.
We found that it was during these discussions that some of our deepest
learning about the mathematics itself and student learning took place.

Suggestions for Using the Assessment Questions

There are two main ways to use the assessment questions.

Administer One Assessment Question at a Time

You can have students complete one assessment question at a time
rather than administering a full assessment with multiple questions.
This may be of interest to you if you are mainly focused on using the
resource to support your own professional learning and want to take
more time to explore one core concept at a time. This could also be a
strategy for using the resource to support a collaborative inquiry or
action research project, or for a book study. This approach might also
be of interest if you want to punctuate your fractions instruction over
the course of the school year to introduce or revisit concepts over time.
Information from a student’s answer can be used in the following ways:

- Diagnostic (assessment for and of learning): Gain insights into a
student’s thinking in relation to a specific fractions concept.

« Formative (assessment as and for learning): Follow up with the
whole class or in a teacher-conference (one-to-one) format to
explore student thinking further.

« Summative (assessment of learning): Use results of the question
as part of a consolidation strategy that provides insights into the

Rethinking Fractions: 8 Core Concepts to Support Assessment and Learning



level of learning the student has developed after engaging in
learning tasks and class discussions related to the core concept.

Administer a Full Assessment

You can administer a full assessment with multiple questions designed
to gain a snapshot of student understanding across several core
concepts. Ready-made sample assessments are available on the
website. There you can choose from a number of assessments
depending on the age and stage of your students. (Guidance for
choosing which assessment to use can also be found on the website.)
It is also possible for you to generate your own assessments using

the assessment questions and/or the parallel questions, which are
provided on the website in reproducible form.

Figure 1.4 Full assessments are available on the website. They are formatted to allow you
to select a score for each response from a scale of 0 to 3. Scoring guides are provided for
each question.

Name: Date:

Show What You Know
~Do Not Use a Calculator~

For Teacher Use Only

If A is 1 wholo, what fraction does B show? 0123

d |
I

2 What fraction of the rectangle is shaded? 01 23

H

3. Name the location of the arrow as a fraction. o1 2 3

| u |

0 1

Information from the student responses can be used in the following
ways:

- Diagnostic (assessment for and of learning): Prior to teaching,
assess what students already understand and in what areas they
need additional attention to support learning. Data from student
responses to the assessment questions should inform instruction
(what to focus on, in particular, and with which students).

« Formative (assessment as and for learning): Use an exploratory
strategy where students work in homogeneous pairs to answer
each question together. Follow up with a whole-group or pairs
discussion that helps to determine what needs further exploration.
Assessments can also be administered at the midpoint of
instruction to determine what key ideas need more attention
based on student responses.

Chapter 1: Welcome to Rethinking Fractions



« Summative (assessment of learning): Use results of the questions
as part of a consolidation strategy that provides insights into the
level of learning the student has developed after engaging in
learning tasks and whole-group discussions related to the cluster
of core concepts in focus.

« Pre- and post-assessment: This approach usually has the goal of
looking at change over time and is based on specific instruction
and learning opportunities for students. Parallel questions are
available on the website so that students have slightly different
questions for each assessment.

Classroom Tasks

Each core concept chapter includes two or more field-tested classroom
tasks that can be used to deepen student understanding.

An overview chart describes the key information

’ | I k b f 1 k Focus. Count by unit fractions and use a variety of models to represent the count
yo u’ll want to know before tryl n g atas ’ Description Students are introduced to counting urit fractions using number lines, rectangular
. . — . dels, and s o fortable with
in Cl u d in g a d escri ptl on of Wh at Stu d e nts Wi I | be ;"cﬁnn::;:anaﬁons support undelssfanding of the wmp’:c‘:vzf changing the unit

fraction andor changing the start value, as well as making connections to

equivalent fractions and to operations. Variations on the counting game keep the

learning and doing as well as the timing and

What Students Are . Representation of the count and the fractional unit in a fraction

. . . Learning « Relationship of the whole to the unit fractions that are within the whole by using
materials needed to implement the task in your
Implementation Whole class, small groups, and pairs
. . About 40 minutes initially; 5-10 minutes periodically after the first implementation
classroom. Depend ing on the age a nd prior T i

Materials « Unit Fraction Number Lines (Line Master 3-3)
H « Counting by Unit Fractions Using Rectangles (Line Master 3-4)
experiences of your students, some tasks may
« Coloured markers

require less time than indicated. L.

What Mathematics Lives in This Task?

. . . . _— + A foundational understanding of quantity and magnitude
Intentional Instruction margin notes prowde Intentional of umbers i expanded o ractons through both concrete
Instruction representations and counting of unit fractions.
. f f I | . | . k deally, repeat this + Counting by unit fractions can be a fun activity that reinforces the
i foundati f unit fracti thinkir d ides basic ti

suggestions for successtully implementing tasks e eions oot covmr s et

. . . . year.nitally, it will and disconnected from partitioning, students can count using

th | d b th t | b h d ke a bit of time f concrete representations to track the count and conceptualize the

WITNh your class or descripe the rationale benin e b ctie o stz
. . . . . an understanding + Unit counting reinforces the importance of the unit and that the
im plementatlon Strateg|es Other margin notes in ofthe countand to units in the count are equal i size. It also supports students in

connectitto the visual understanding that the unit doesn't change when counting on.
representations. As + Partitioning to make equal-sized areas is a fundamental skill

the tasks describe possible variations or suggest e L Lkl e
. . . . ::‘f‘[\gnila:::::;‘e‘ﬂagn « Number lines and rectangles are powerful models that students
i
questions you might pose at different points ety et Sl L
minutes just ahead of a fractions that have reach into more complex fraction concepts (as

d u I’I n g a ta IS k bellorasa wann-dp opposed to more limited, but commonly used, early models for

fractions, such as circles or money)

Every task is unpacked within a
What Mathematics Lives in This
Task? section, which describes the
mathematics underlying the task.

The tasks also include the following features:

a Task Sequence, which outlines steps you can follow to
implement the task with your class, which often includes photos
or diagrams;

- a Consolidation section that offers suggestions for class or small-
group discussions to share and summarize the understandings
students have developed during the task;

. a section called What to Look For in Student Responses; and

- afeature called In our research that describes insights from the

field.

Some tasks also include Extensions or Variations that can be used to
extend or adapt a task.
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