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During the Emergent Phase

As students move about their environment and explore
the objects in it, they respond perceptually to spatial
features, encoding shape and the location of objects
they can see within a framework of landmarks.

As a result, they begin to name things they can see and
touch in ways that reflect attention to shape and they
can match simple shapes in an impressionistic way.

Also as a result, they begin to understand that we can
represent the relative position of neighbouring things, for
example, placing a toy boy under the toy table to “stand
for” the real boy under the real table.

By the end of the Emergent phase, students
typically:

distinguish shape from other attributes that relate to
how things “look” (e.g., colour, size, texture), altho-
ugh they may not do so consciously

use informal language that indicates they are res-
ponding to shape (e.g., “the pointy one”)

carry out matching tasks by selecting a matching
shape from a collection and either posting shapes in
boxes or fitting shapes into cut-outs

notice similarity in the shape of familiar things, say-
ing, for example, it “looks like” a see-saw or a car or
a ball

reproduce simple geometric configurations if only en-
coding is required; that is, build a matching shape
or arrangement to one that is constantly in sight

draw simple figures by imitating how they have seen
them drawn (including letters and numbers)

give directions from one landmark to the next when
retelling a journey or places in a story (e.g., “go to the
pond, go on the bridge, go home”)

Most students will enter the Recognizing
phase between 4 and 5 years of age.

As students move from the Emergent
phase, to the Recognizing phase, they:

refer to objects by their everyday or toy names (blocks,
bricks, party hat) rather than their shape

may not think to turn a figure over or around in order
to match or post in cut-outs

may have difficulty in matching a shape by feel alone
(e.g., in feely boxes) as they group and pat objects
rather than explore in a way oriented to discerning
shape

given drawings, will not distinguish, for example,
triangles from “almost triangles,” relying on an impre-
ssionistic match

may be able to copy a figure such as a square with
toothpicks but not be able generally to copy one from
a ready made drawing unless shown how (that is, they
have difficulty in dissecting the parts and deciding the
sequence or route to bring the components together)

These are the learning challenges for the Recognizing
phase.

During the Recognizing Phase

Students’ exploration of objects and space through touch
and sight gradually becomes more regulated as they
attend to spatial features and construct mental and visual
representations of shapes and arrangements in space.

As a result, they can copy simple figures and recognize
figures of “the same shape,” constructing visual images
or prototypes of what people mean when they refer to
common figures and objects (e.g., This is a rectangle
because it looks like a rectangle.)

Also as a result, they construct visual images of familiar
objects and of where objects are within familiar spaces
and locations.

By the end of the Recognizing phase,
students typically:

describe figures and objects using terms that are evoc-
ative of shape, such as “corner,” “pointy,” “lopsided,”
“slanty”

learn the names of some shapes (triangle, cube) altho-
ugh which names they know will depend upon the fre-
quency and naturalness of everyday use at school and
home

describe conventional figures and objects by reference
to prototypes they “look like”; e.g., “It’s a door shape.”

select ready-made materials that “look right” to make
recognizable models of parts of their environment (e.g.,
circular pieces for wheels, a cylinder for a tree trunk)

remember what some families of shapes look like and
produce recognizable versions; e.g., draw a figure that
resembles a triangle with three lines that more or less
join at their end points or as a continuous curve with
three “straight” sides and three corners

remember key aspects of the way things look and try to
reproduce them in their drawings; e.g., drawing circles
for wheels; putting two eyes, a nose, and a mouth on
a face

begin to give simple explanations that relate shape to
purpose (e.g., circles for wheels, blocks to stack)

relate the position of objects to each other in familiar
settings using terms such as “behind,” “near”

draw or make simple “route” maps and models that
show a sense of spatial relationships and order, although
only for local settings that they have freely explored

and Space?

Geometry and Space.

What is the Diagnostic Map for Geometry

How students currently think about spatial ideas will
influence how they respond to the activities provided for
them, and hence what they are able to learn from them. As
students’ thinking about Geometry and Space develops,
it goes through a series of characteristic phases that are
described in this Diagnostic Map. Recognizing these
common patterns of thinking helps to interpret students’
responses to activities, to understand why they seem to be
able to do some things and not others, and also why some
students may be having difficulty in achieving certain
outcomes while others may not. The Diagnostic Map also
helps teachers to provide the challenges students need to
move their thinking forward, to refine their halfformed
ideas, to overcome any misconceptions they might have
and hence to achieve the mathematical learning goals of
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Most students will enter the Describing phase
between 6 and 7 years of age.

As students move from the
Recognizing phase to the Describing
phase, they:

explore objects using touch (e.g., in a feely box) ori-
ented to shape as a whole, not generally focused

while implicitly knowing some features of a familiar
type of figure (triangles have three sides, triangles are
pointy), do not recognize them in that way; a triangle
is a triangle because it looks like one

can identify familiar shapes singly but not within
complex configurations or in non-standard orientations

" ou

use terms such as “corner,” “pointy,” “lopsided,” “sla-
nty” vaguely and inconsistently

are not consciously aware of properties; e.g., they
could produce a recognizable rectangle without rea-
lizing that it had right angles

although able to perceive the difference between a 2-D
and 3-D thing, may think the word “shape” refers to a
2-D attribute and so may say there is no difference in the
shape of a ball and a hoop, since both are called by
the same shape name “circle”

when drawing a 2-D figure (e.g., a circle) to represent
a 3-D object (e.g., a ball), think of the region inside
the circle as inside the ball rather than as the surface
of the ball

in trying to represent what an object is rather than
how it happens to look, may draw what they know to
be there; e.g., they show a hidden handle on a cup, or
draw more sides of a cube than one could possibly see

will often show a mixture of viewpoints in the same
picture, e.g., side view of the legs of the table and top
view of the table top and the items on it

These are the learning challenges for the Describing
phase.

During the Describing Phase

Through their own physical and perceptual action on
spatial configurations focused on interpreting, describing,
and representing the parts making the whole, students
make sense of the spatial relationships within figures,
objects, and arrangements and in the visual represent-
ations of them.

As a result, they identify the features of particular
figures (This has four sides and two of its sides are
equal.) and objects (This has six faces and they are all
rectangles.) and construct 3-D meanings for the 2-D
representations of 3-D that are conventional within
their culture.

Also as a result, students pay attention to the shape
and placement of component parts when they draw,
match, make, and copy things and are able to think of
objects in positional relationship to each other rather
than in relation to themselves.

By the end of the Describing phase,
students typically:

respond to a request to “tell me about the shape of this
..." using language such as “flat,” “curved,” “side,”

“round,” “face,” “edge,” “square,” “angle,” “base”

compare and contrast geometric figures

are able to identify the faces, edges, and vertices of a
geometric object and hence select component parts to
make it in various forms (skeletal, hollow)

understand that the word “shape” refers to or signifies
both a 2-D and 3-D attribute and so understand, for
example, that a cube and a square are different shapes
and have different names even if they cannot recall
the names

when using a 2-D figure (e.g., a circle) to represent a
3-D object (e.g., a ball), interpret the region inside the
circle as representing the surface of the ball

match the 2-D figures with the faces of standard 3-D
objects

select nets that have the right component parts to
match a simple object

pay attention to the shape and placement of com-
ponent parts when they interpret and make drawings

observe the component geometric parts within pictures
and patterns and the movement needed to produce them

attempt to produce visual reality in drawings by only
drawing the objects or parts of objects that can be seen

rearrange and combine a few shape pieces (e.g., tang-
rams) to make another specified shape, such as a
square

repeat multiple copies of a figure in a systematic way
to create a pattern

recognize repetitions of the same shape embedded
within arrangements and patterns

identify component parts to show that a shape or
arrangement is symmetrical

are able to describe one thing being between others
and put key features in order on a map

attempt to show a bird's-eye view of familiar settings
with a “rough” sense of proximity

See over
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Most students will enter the Relating phase
between 6 and 7 years of age.

As students move from the
Recognizing phase to the
Describing phase, they:

explore objects using touch (e.g., in a feely box) orie-
nted to shape as a whole, not generally focused

while implicitly knowing some features of a familiar
type of figure (triangles have three sides, triangles
are pointy), do not recognize them in that way; a tri-
angle is a triangle because it looks like one

can identify familiar shapes singly but not within
complex configurations or in non-standard orientations

" ou

use terms such as “corner,” “pointy,” “lopsided,” “sla-
nty” vaguely and inconsistently

are not consciously aware of properties; e.g., they could
produce a recognizable rectangle without realizing that
it had right angles

although able to perceive the difference between a 2-D
and 3-D thing, may think the word “shape” refers to a
2-D attribute and so may say there is no difference in the
shape of a ball and a hoop, since both are called by
the same shape name “circle”

when drawing a 2-D figure (e.g., a circle) to represent a
3-D object (e.g., a ball), think of the region inside the
circle as inside the ball rather than as the surface of
the ball

in trying to represent what an object is rather than how
it happens to look, may draw what they know to be
there; e.g., they show a hidden handle on a cup, or
draw more sides of a cube than one could possibly see

will often show a mixture of viewpoints in the same
picture, e.g., side view of the legs of the table and top
view of the table top and the items on it

These are the learning challenges for the Describing
phase.

During the Describing Phase

Through their own physical and perceptual action on
spatial configurations focused on interpreting, describing
and representing the parts making the whole, students
make sense of the spatial relationships within figures,
objects andarrangements and in the visual representations
of them.

Most students will enter the Analyzing
phase between 8 and 10 years of age.

As students move from the Describing
phase to the Analyzing phase, they:

may think of a figure as a “picture” of a shape and
so may, for example, think of a slant parallelogram
as a rectangle looked at from “the side” (as in 2-D
drawings of 3-D)

may keep the same name for a transformed figure;
e.g., a rhombus is just a pushed over square so it is
still a square, an ellipse is a stretched out circle

may use descriptive terms in ambiguous or incorrect
ways; e.g., using “side” to mean “on the side” as
distinct from “top” or “bottom”

may still respond to figures by their overall
appearance, and may therefore not recognize a shape
when it is presented in an unfamiliar orientation; e.g.,
a square drawn “on its point” may not be recognized
as a square, others will say that will be a square “if you
turn it around”

will be aware of some properties related to a common
figure, but these properties may continue to play no
detectable role in the recognition of the figure and
students do not generally call upon properties to
justify why a figure is or is not in a particular class

may give vague descriptions that could apply to a
number of different shapes, perhaps focusing on only
one feature of a figure or object

although now understanding which objects or parts
of objects are seen or not seen, do not yet understand
how they are seen (e.g., shape, orientation, size) and
so have difficulty making their drawings “look right”

even when provided with a drawing to copy, are
influenced by how they think about or describe the
object to themselves, so if told a drawing is a cube,
they make the top face more square, if told it is a
house they make the top more slanted

select or draw nets that have the right component
parts to make a particular object, but often ignore
the relationship of the parts of each other so do not
position them correctly to fold into a net

may have little overall sense of relative position or
scale in their plans and maps; e.g., they may draw
their own desk larger than those of other students in
the class

These are the learning challenges for the Analyzing
phase.

During the Analyzing Phase

As students consciously compare and contrast spatial
configurations, they form generalizations about

cont.

Most students will enter the Relating phase
between 11 and 13 years of age.

As students move from the
Analyzing phase to the Relating
phase, they:

may include irrelevant features as properties of families
of shapes if they have only experienced shapes in
upright orientations; e.g., they may think that the “top”
and “bottom” sides of a trapezoid have to be parallel

may have a correct verbal description for a concept
and “know” they should use it but be unable to over-
ride a strong visual image or prototype; e.g., they
may reject a square resting on its point as a square,
even though it fits their definition

may not generally understand that one class of shapes
can be included in another, so that while they can
be taught to recite that squares are special rhombuses,
most do not understand why or how

may have a well-developed concept of a particular
shape, but their definitions may not provide sufficient
features to define the shape; e.g., they may say that a
rectangle is a shape with four sides and opposite sides
the same length

may define a class of geometric shapes and include
many of the known features, not simply a sufficient
set, thus providing redundant information

may see properties as distinct from each other and so
not see that some properties are a consequence of
others; e.g., if a quadrilateral has four right angles it
must have opposite sides the same length

cannot typically coordinate all the components and
measurements needed to plan a net completely from
imagination or from specifications (except for simple
well-rehearsed objects)

These are the learning challenges for the Relating
phase.

As a result, they identify the features of particular
figures (This has four sides and two of its sides are
equal.) and objects (This has six faces and they are all
rectangles.) and construct 3-D meanings for the 2-D
representations of 3-D that are conventional within
their culture.

relationships both within and between figures, objects,
movements, and arrangements. Through their own
experimentation, they realize that when an object or
arrangement is transformed, relationships between its
component parts may be preserved or not, and they try
to visualize “what happens” when things are represented
or moved.

As a result, students establish that shapes and
movements they recognize as in the same class have
features in common, thus the term “triangle” can

During the Relating Phase

Students develop coordinated mental representations of
spatial configurations in relation to their component parts
enabling them to mentally manipulate and transform
figures, objects, and arrangements. Through investigating
properties of shapes and movements and inter-relationships
between them, their use of visual images becomes
constrained by their more abstract verbal knowledge of
the properties.

As a result, students are able to visualize the result
of systematically moving or folding figures or moving
objects or themselves in relation to an object and to
represent transformations. They also integrate distance
and direction in their descriptions of paths and loc-
ations and can represent them on coordinate systems.

Also as a result, students pay attention to the shape
and placement of component parts when they draw,
match, make and copy things and are able to think of

by many figures.

now be interpreted as a collection of properties (a
closed figure with three sides) that can be represented

Also as a result, students come to recognize relationships
between properties and between common classes of

objects in positional relationship to each other rather
than in relation to themselves.

Also as a result, students try to ensure that desired

shapes; e.g., This square is also a rectangle because it
has all the properties of a rectangle

By the end of the Describing phase,
students typically:

respond to a request to “tell me about the shape of
this ...” using language such as “flat,” “curved,” “side,”
“round,” “face,” “edge,” “square,” “angle,” “base”

compare and contrast geometric figures

are able to identify the faces, edges, and vertices of a
geometric object and hence select component parts to
make it in various forms (skeletal, hollow)

understand that the word “shape” refers to or signifies
both a 2-D and 3-D attribute and so understand, for
example, that a cube and a square are different shapes
and have different names even if they cannot recall the
names

when using a 2-D figure (e.g., a circle) to represent a
3-D object (e.g., a ball), interpret the region inside the
circle as representing the surface of the ball

match the 2-D figures with the faces of standard 3-D
objects

select nets that have the right component parts to
match a simple object

pay attention to the shape and placement of com-
ponent parts when they interpret and make drawings

observe the component geometric parts within pictures
and patterns and the movement needed to produce them

attempt to produce visual reality in drawings by only
drawing the objects or parts of objects that can be seen

rearrange and combine a few shape pieces (e.g., tang-
rams) to make another specified shape, such as a square

repeat multiple copies of a figure in a systematic way
to create a pattern

recognize repetitions of the same shape embedded
within arrangements and patterns

identify component parts to show that a shape or arr-
angement is symmetrical

are able to describe one thing being between others
and put key features in order on a map

attempt to show a bird's-eye view of familiar settings
with a “rough” sense of proximity

relationships are preserved when they make (e.g.,
produce a net of an object, make a scaled copy),
represent (e.g., draw a map or a diagram of an object),
or move things (e.g., look from a different view, fold
and unfold, turn).

By the end of the Analyzing phase, students
typically:

give a detailed list of properties in their descriptions
of shapes, confidently asserting, for example, that
rectangles always have four sides and always have
right-angled corners

select figures and objects based on geometric descrip-
tions such as “have five faces and nine edges”

know from the properties of a rectangle that a slant
parallelogram cannot be a rectangle even though it is
what a rectangle face on a block “looks like” from
“the side”

understand that lines drawn obliquely to the horizontal
suggest depth and incorporate this into their drawings
of objects

use mathematical conventions to represent objects in
different types of drawings

match suitable nets to prisms and pyramids that are
actually present (not drawn) by considering the shape
and placement of the component parts

produce their own nets for geometric shapes that they
can see and touch

visualize the folding process to say which of a number
of potential nets that have the right number and
shaped components will actually fold up to form a
cube or prism

select and build arrangements of geometric figures to
match information in drawings and plans

describe characteristic features of mirror symmetry;
e.g., may explain that for mirror symmetry matching
parts of figures are the same distance away from the
mirror line

visualize and reproduce the folds and cuts needed to
produce symmetrical designs

explain why they think a shape will not tile by focusing
on the corners

identify the particular rotations, reflections, and trans-
lations that relate to the component parts of simple
arrangements and patterns

understand that when figures are rotated, reflected,
and translated, the position and/or orientation change
but the size and shape do not, so the original figure can
be superimposed on the transformed (or moved) figure

understand that when figures are enlarged or reduced,
the shape stays the same but the size changes (the
position and/or orientation may change); that is,
“scaled” figures keep the same shape and so look “the
same but smaller” or “the same but bigger”

understand the use of “scale” on a map to preserve
proximity between things being represented; that is,
to show the relative distance between things

recognize and use a top view to represent familiar
locations on plans using order and relative proximity
among landmarks
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By the end of the Relating phase, students
typically:

understand what a definition is and use counter exa-
mples to show that a definition such as “a rectangle
is a shape with four sides and opposite sides the same
length” is not adequate because it does not exclude
some shapes that are not rectangles

use properties to convince themselves and others why a
figure or object belongs to a class; e.g., This is a square
because it has four equal sides even though it is not rest-
ing on a “flat bottom.”

understand that knowing just a few properties of a
figure or object enables us to work out (deduce) other
properties

understand relationships between properties of a figure;
e.g., if a triangle has two equal angles then it has two
equal sides

understand class inclusion and so can classify figures
and objects hierarchically; e.g., all squares are rectang-
les but not all rectangles are squares

produce their own nets, considering in advance the level
of precision needed to ensure the shape is correct in
form and size, where tabs will be, and so on

predict which face on nets will match which face on
corresponding objects

predict the effect of particular movements (translations,
rotations, and reflections) on the orientation and posi-
tion of figures and objects

visualize an object or scene in different orientations,
drawing other possible views of an object from infor-
mation in 2-D drawings
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INTRODUCTION

The First Steps in Mathematics resource books and professional development
program are designed to help teachers plan, implement, and evaluate the
mathematics curriculum they provide for students. The series describes the
key mathematical ideas students need to understand in order to achieve the
principal learning goals of mathematics curricula across Canada and around

the world.

Unlike many resources that present mathematical concepts that have been
logically ordered and prioritized by mathematicians or educators, First Steps
in Mathematics follows a sequence derived from the mathematical
development of real children. Each resource book is based on five years of
research by a team of teachers from the Western Australia Department of
Education and Training, and tertiary consultants led by Professor Sue Willis
at Murdoch University.

The First Steps in Mathematics project team conducted an extensive review
of international research literature, which revealed gaps in the field of
knowledge about students’ learning in mathematics. Many of these findings
are detailed in the Background Notes that supplement the Key
Understandings described in the First Steps in Mathematics resource book for
Geometry and Space.

Using tasks designed to replicate those in the research literature, team
members interviewed hundreds of elementary school children in diverse
locations. Analysis of the data obtained from these interviews identified
characteristic phases in the development of students’ thinking about
mathematical concepts.

The Diagnostic Maps—which appear in the resource books for Number,
Measurement, Geometry and Space, and Data Management and
Probability—describe these phases of development, exposing specific markers
where students often lose, or never develop, the connection between
mathematics and meaning. Thus, First Steps in Mathematics helps teachers
systematically observe not only what mathematics individual children do, but
how the children do the mathematics and how to advance the children’s
learning.

[t has never been more important to teach mathematics well. Globalization
and the increasing use of technology have created changing demands for
the application of mathematics in all aspects of our lives. Teaching
mathematics well to all students requires a high level of understanding of
teaching and learning in mathematics and of mathematics itself. The First
Steps in Mathematics series and professional development program help
teachers provide meaningful learning experiences and enhance their capacity
to decide how best to help all students achieve the learning goals of
mathematics.
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Chapter 1
An Overview of First Steps

in Mathematics

First Steps in Mathematics is a professional development program and series of
teacher resource books that are organized around mathematics curricula for
Number, Measurement, Geometry and Space, and Data Management and

Probability.

The aim of First Steps in Mathematics is to improve students’ learning of
mathematics.

First Steps in Mathematics examines mathematics within a developmental
framework to deepen teachers’ understanding of teaching and learning
mathematics. The developmental framework outlines the characteristic
phases of thinking that students move through as they learn key mathematical
concepts. As teachers internalize this framework, they make more intuitive
and informed decisions around instruction and assessment to advance student
learning.

First Steps in Mathematics helps teachers to:

build or extend their own knowledge of the mathematics underpinning
the curriculum

understand how students learn mathematics so they can make sound
professional decisions

plan learning experiences that are likely to develop the mathematics
outcomes for all students

recognize opportunities for incidental teaching during conversations and
routines that occur in the classroom

This chapter details the beliefs about effective teaching and learning that First
Steps in Mathematics is based on and shows how the elements of the teacher
resource books facilitate planning and instruction.
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Beliefs about Teaching and Learning

Focus Improves by Explicitly Clarifying Outcomes for Mathematics
Learning is improved if the whole-school community has a shared
understanding of the mathematics curriculum goals, and an implementation
plan and commitment to achieving them. A common understanding of
these long-term aims helps individuals and groups of teachers decide how best
to support and nurture students’ learning, and how to tell when this has
happened.

All Students Can Learn Mathematics to the Best of Their Ability

A commitment to common goals signals a belief that all students can be
successful learners of mathematics. A situation where less is expected of
and achieved by certain groups of students is not acceptable. School systems,
schools, and teachers are all responsible for ensuring that each student has
access to the learning conditions he or she requires to achieve the curricular
goals to the best of his or her ability.

Learning Mathematics Is an Active and Productive Process

Learning is not simply about the transfer of knowledge from one person to
another. Rather, students need to construct their own mathematical
knowledge in their own way and at a pace that enables them to make sense
of the mathematical situations and ideas they encounter. A developmental
learning approach is based on this notion of learning. It recognizes that not
all students learn in the same way, through the same processes, or at the
same rate.

Common Curricular Goals Do Not Imply Common Instruction

The explicit statement of the curricular goals expected for all students helps
teachers to make decisions about the classroom program. However, the list
of content and process goals for mathematics is not a program. If all students
are to succeed to the best of their ability on commonly agreed concepts,
different curriculum implementations will not only be possible, but also be
necessary. Teachers must decide what type of instructional activities are
needed for their students to achieve the learning goals.

A curriculum that enables all students to learn must allow for different
starting points and pathways to learning so that students are not left out or

behind.

—Darling-Hammond, National standards and assessments, p. 480
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Professional Decision-Making Is Central in Teaching

[t is the responsibility of teachers to provide all students with the conditions
necessary for them to achieve the curricular goals of mathematics. This
responsibility requires teachers to make many professional decisions
simultaneously, such as what to teach, to whom, and how, and making these
professional decisions requires a synthesis of knowledge, experience, and
evidence.

Professionalism has one essential feature; ...(it) requires the exercise
of complex, high level professional judgments...(which) involve various
mixes of specialised knowledge; high level cognitive skills; sensitive and
sophisticated personal skills; broad and relevant background and tacit
knowledge.

—Preston, Teacher professionalism, p. 2, 20

The personal nature of each student’s learning journey means that the
decisions teachers make are often “non-routine,” and the reasoning processes
involved can be complex. These processes cannot be reduced to a set of
instructions about what to do in any given situation. Teachers must have
the freedom and encouragement to adapt existing resources flexibly to best
meet their students’ needs and to move them forward. The improvement
of students’ learning is most likely to take place when teachers have good
information about tasks, response range, and intervention techniques on
which to base their professional decisions.

“Risk” Relates to Future Mathematics Learning
Risk cannot always be linked directly to students’ current achievement.
Rather, it refers to the likelihood that their future mathematical progress is
« : ”

at risk.

Some students who can answer questions correctly might not have the depth
of understanding needed for ongoing progress. Others might have
misconceptions that could also put their future learning “at risk.” A number
of students may make errors that are common when they try to make sense
of new mathematical ideas and, therefore, show progress. For example, in
identifying pyramids in a group of 3-D shapes, a student who includes a cone
is incorrect. However, this signals progress because the student is observing
the similar characteristics of a flat base and convergence to a point.

Students who are learning slowly, or whose previous experiences are atypical,
might nevertheless progress steadily if their stage of learning is accommodated
with appropriate, but challenging, learning experiences.

Successful Mathematics Learning Is Robust Learning
Robust learning, which focuses on students developing mathematics concepts
fully and deeply, is essential if learning is to be sustained over the long term.

FSIMO08 | First Steps in Mathematics: Geometry and Space
© Western Australian Minister for Education 2013. Published by Pearson Canada Inc.

o0¢o


http://creativecommons.org/licenses/by-nc-nd/3.0/

A focus on short-term performance or procedural knowledge at the expense
of robust knowledge places students “at risk” of not continuing to progress
throughout the years of schooling.

Learning Mathematics:
Implications for the Classroom

Learning mathematics is an active and productive process on the part of
the learner. The following section illustrates how this approach influences the
ways in which mathematics is taught in the classroom.

Learning Is Built on Existing Knowledge

Learners’ interpretations of mathematical experiences depend on what they
already know and understand. For example, many students start school with
the ability to recognize a square when shown one in standard position.
However, they may not be able to recognize a square that has been rotated
(e.g., so it appears like a diamond) or create a square correctly on a geoboard.
Other students may be able to group all similar shapes regardless of orientation
and create other similar shapes on a geoboard but not know these shapes
are called squares.

In each case, students’ existing knowledge should be recognized and used
as the basis for further learning. Their learning should be developed to
include the complementary knowledge, with the new knowledge being
linked to and building on students’ existing ideas.

Learning Requires That Existing Ideas Be Challenged
Learning requires that students extend or alter what they know as a result of
their knowledge being challenged or stretched in some way. For example, a
challenge may occur when a student predicts that the angles on an isometric
drawing of a cube are right angles, then checks them by placing the corner
of a sheet of paper on them and finds that they are not.

Another challenge may occur when a student believes that a square and a
rectangle are two very distinct figures and then finds that a square is a special
rectangle. Or, another challenge may occur when a student finds that peers
think about a problem in a different way. The student must find some way of
dealing with the challenge or conflict provided by the new information in
order to learn.

Learning Occurs when the Learner Makes Sense of the New Ideas
Teaching is important—but learning is done by the learner rather than to the
learner. This means the learner acts on and makes sense of new information.
Students almost always try to do this. However, in trying to make sense of
their mathematical experiences, some students will draw conclusions that are
not quite what their teachers expect.
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Also, when students face mathematical situations that are not meaningful,
or are well beyond their current experience and reach, they often conclude
that the mathematics does not make sense or that they are incapable of
making sense of it. This may encourage students to resort to learning strategies
based on the rote imitation of procedures. The result is likely to be short-term
rather than effective long-term learning. Teachers have to provide learning
experiences that are meaningful and challenging, but within the reach of
their students.

Learning Involves Taking Risks and Making Errors

In order to learn, students have to be willing to try a new or different way of
doing things, and stretch a bit further than they think they can. At times,
mistakes can be a sign of progress. For example, when students examine
diagonals of polygons, they notice that triangles have zero diagonals and
quadrilaterals have two diagonals. Therefore, they often predict incorrectly
that pentagons will have four diagonals. Such predictions are positive signs
that students are trying to generalize a pattern based on their observations.

Errors can provide a useful source of feedback, challenging students to adjust
their conceptions before trying again. Errors may also suggest that learners
are prepared to work on new or difficult problems where increased error is
likely. Or, they may try improved ways of doing things that mean giving up
old and safe, but limited, strategies. For example, suppose a student can
successfully tell the number of edges of any named pyramid by visualizing the
object and counting the edges. This student takes a risk when trying to apply
a generalization that the number of edges of any pyramid is twice the number
associated with its base name, since this could result in increased mistakes in
the short term.

Learners Get Better with Practice

Students should get adequate opportunities to practise mathematics, but
this involves much more than the rote or routine repetition of facts and
procedures. For example, if students are to learn the names of geometric
shapes, they will need a number of varied opportunities to recognize, name,
describe, represent, compare, dissect, and combine these shapes, sharing
their experiences with their peers, parents, and teachers.

Likewise, if students are to develop strong visual images of geometric figures,
they will need lots of practice with many variations of figures (e.g., figures of
the same shape that have different sizes, angles, and side lengths). Extensive
practice with one example of a figure is unlikely to prepare students to
recognize all examples of that figure.
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Learning Is Helped by Clarity of Purpose for Students

as well as Teachers

Learning is likely to be enhanced if students understand what kind of learning
activity they should be engaged in at any particular time. This means helping
students to distinguish between tasks that provide practice of an already
learned procedure and tasks that are intended to develop understanding of
mathematical concepts and processes. In the former case, little that is new
is involved, and tasks are repetitive, so they become habitual and almost
unthinking. Students should expect to be able to start almost immediately
and, if they cannot, realize that they may need to know more and seek help.

With tasks that are intended to develop understanding, non-routine tasks and
new ideas may be involved. Students should not expect to know what to
do or to be able to get started immediately.

Students may spend a considerable amount of time on a single task, and
they will often be expected to work out for themselves what to do. They
should recognize that, for such activities, persistence, thoughtfulness, struggle,
and reflection are expected.

Teaching Mathematics

Teachers assume considerable responsibility for creating the best possible
conditions for learning. The kind of learning tasks and environment teachers
provide depend on their own view of how learning is best supported. The
perspective that learning is an active and productive process has two
significant implications for teaching.

First, teachers cannot predict or control exactly what and when students
learn. They need to plan programs that provide students with a wider and
more complex range of information and experiences than they would be
expected to understand fully at any given time. For example, using
toothpicks, Grade 2 students may be able to create polygons that have a
large number of sides. Their teacher may encourage students to explore
these figures, name the figures for them, and stimulate their curiosity about
figures in general. This enables students to begin developing notions about
polygons at many different levels. However, their teacher may only expect
them to demonstrate an understanding of triangles and quadrilaterals.
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Second, for students to become effective learners of mathematics, they must
be engaged fully and actively. Students will want, and be able, to take on the
challenge, persistent effort, and risks involved. Equal opportunities to learn
mathematics means teachers will:

» provide an environment for learning that is equally supportive of all
students

m offer each student appropriate mathematical challenges

w foster in all students processes that enhance learning and contribute to
successful achievement of goals
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Geometry and Space

First Steps in_
Mathematics

Understanding the Elements of First Steps in
Mathematics

The elements of First Steps in Mathematics embody the foregoing beliefs about
teaching and learning and work together to address three main questions:

What are students expected to learn?
How does this learning develop?

How do teachers advance this learning?

Learning Outcomes for the Geometry and Space Strand

The Geometry and Space strand in First Steps in Mathematics focuses on the
spatial features of objects, environments, and movements; their positions, their
transformations, their properties, and how to draw and model them. As a
result of their learning, students should be able to visualize, draw, and model
shapes, locations, and arrangements and to predict and show the effect of
transformation on them. They should be able to reason about shapes,
transformations, and arrangements to solve problems and justify solutions.

This requires the ability to attend to the shape and placement of parts when
visualizing, drawing, and modelling 2-D and 3-D shapes and an understanding
of maps and plans, including the words and symbols used on them. It requires
a sound understanding of the conventional words and symbols we use to
talk about shapes and an understanding of the way in which we classify
them using conventional geometric criteria. This also includes an
understanding of how patterns and arrangements can be created through
the systematic movements (or transformations) of shapes. Thus learning
experiences should be provided that will enable students to represent
locations, represent shapes, represent transformations, and reason
geometrically.

The First Steps in Mathematics Resource Book for Geometry and Space
examines outcomes essential for mathematical understanding. These
outcomes describe the learning expectations for students and the goals of
instruction:

Represent Spatial Ideas
Visualize, draw, and model shapes, locations, and arrangements, and predict
and show the effect of transformations on them.

There are three parts to this outcome—Part A: Represent Location, Part
B: Represent Shape, and Part C: Represent Transformation. Each is dealt
with in a separate chapter.
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Reason Geometrically
Reason about shapes, transformations, and arrangements to solve problems
and justify solutions

Integrating the Outcomes

The mathematical outcomes suggested above for Geometry and Space are
explored in separate chapters of the resource book. This is to emphasize the
importance of each and the difference between them. For example, children
need to reason about the properties of shapes (Reason Geometrically) as
well as be able to draw or model 2-D and 3-D shapes (Represent Shape).
Sometimes, however, we focus on the former and give insufficient attention
to the latter, assuming that knowing how to name and classify shapes will
enable children to draw and model them using mathematical conventions and
understandings. By paying separate and special attention to each outcome,
teachers can make sure that both areas receive sufficient attention and that
important ideas about each are drawn out of the learning experiences they
provide.

This does not mean, however, that the ideas and skills underpinning each of
the outcomes should be taught separately or that they will be learned
separately. The learning goals are inextricably linked. Consequently, many
of the activities will provide opportunities for students to develop their ideas
about more than one of the outcomes. This will help teachers to ensure that
the significant mathematical ideas are drawn from the learning activities so
that students achieve each of the mathematics curriculum expectations for
Geometry and Space.

How Does This Learning Develop?

First Steps in Mathematics: Geometry and Space describes characteristic phases
in students’ thinking about the major mathematical concepts of the Geometry
and Space strand. These developmental phases are organized in a Diagnostic

Map.

Diagnostic Map
The Diagnostic Map for Geometry and Space details five developmental
phases. It helps teachers to:

understand why students seem to be able to do some things and not others

realize why some students may be experiencing difficulty while others are
not

indicate the challenges students need to move their thinking forward,
refine their preconceptions, overcome any misconceptions, and so develop
deep reflective understanding about concepts

interpret students’ responses to activities
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During the Emergent Phase

As students move about their environment and explore
the objects in it, they respond perceptually to spatial
features, encoding shape and the location of objects
they can see within a framework of landmarks.

As a result, they begin to name things they can see and
touch in ways that reflect attention to shape and they
can match simple shapes in an impressionistic way.

Also as a result, they begin to understand that we can
represent the relative position of neighbouring things, for
example, placing a toy boy under the toy table to “stand
for” the real boy under the real table.

By the end of the Emergent phase, students

\/tlmr)“\/\

Most students will enter the Recognizing
phase between 4 and 5 years of age.

As students move from the Emergent
phase, to the Recognizing phase, they:

m refer to objects by their everyday or toy names
(blocks, bricks, party hat) rather than their shape

= may not think to turn a figure over or around in order
to match or post in cut-outs

= may have difficulty in matching a shape by feel alone
(e.g., in feely boxes) as they group and pat objects
rather than explore in a way oriented to discerning
shape

m given drawings, will not distinguish, for example,
triangles from “almost triangles,” relying on an impre-

ssionistic match

m may be able to copy a figure such as a square with

toothpicks but not be able generally to copy o

Most students will enter the Describing phase
between 6 and 7 years of age.

As students move from the
Recognizing phase to the Describing
phase, they:

m explore objects using touch (e.g., in a feely box) ori-
ented to shape as a whole, not generally focused

= while implicitly knowing some features of a familiar
type of figure (triangles have three sides, triangles
are pointy), do not recognize them in that way; a
triangle is a triangle because it looks like one

= can identify familiar shapes singly but not within
complex configurations or in non-standard orientations

= use terms such as “corner,” “pointy,” “lopsided,” “sla-
nty” vaguely and inconsistently

m are not consciously aware of properties; e.g., they
co ecognizable rectangle wi

The Diagnostic Map includes key indications and consequences of students’
understanding and growth. This information is crucial for teachers making
decisions about their students’ level of understanding of mathematics. It
enhances teachers’ decisions about what to teach, to whom, and when to

teach it.

Each developmental phase of the Diagnostic Map has three aspects. The
first aspect describes the students’ major preoccupations or learning focus
during the phase. The second aspect details typical thinking and behaviours
of students by the end of the phase. The third outlines preconceptions, partial
conceptions, or misconceptions that may still exist for students at the end of
the phase. This aspect provides the learning challenges and teaching

emphases as students move to the next phase.

Diagnostic Tasks
First Steps in Mathematics: Geometry and Space provides a series of short,
focused Diagnostic Tasks in the Course Book. These tasks have been validated
through extensive research with students and help teachers locate individual
students on the Diagnostic Map.

How Do Teachers Advance This Learning?

To advance student learning, teachers identify the big mathematical ideas,
or key understandings, of the outcomes, or curricular goals. Teachers plan
learning activities to develop these key understandings. As learning activities
provide students with opportunities and support to develop new insights,
students begin to move to the next developmental phase of mathematical
thinking.

10
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Key Understandings
The Key Understandings are the cornerstone of First Steps in Mathematics. The
Key Understandings:

describe the mathematical ideas, or concepts, which students need to
know in order to achieve curricular goals

explain how these mathematical ideas form the underpinnings of the
mathematics curriculum statements

suggest what experiences teachers should plan for students so that they
move forward in a developmentally appropriate way

provide a basis for the recognition and assessment of what students already
know and still need to know in order to progress along the developmental
continuum and deepen their knowledge

indicate the emphasis of the curriculum at particular stages

provide content and pedagogic advice to assist with planning the
curriculum at the classroom and whole-school levels

The number of Key Understandings for each mathematics curricular goal
varies according to the number of “big mathematical ideas” students need to
achieve the goal.

Sample Learning Activities

For each Key Understanding, there are Sample Learning Activities that
teachers can use to develop the mathematical ideas of the Key Understanding.
The activities are organized into three broad groups:

activities suitable for students in Kindergarten to Grade 3
activities for students in Grades 3 to 5

activities for students in Grades 5 to 8

If students in Grades 5 to 8 have not had enough prior experience, then
teachers may need to select and adapt activities from earlier groups.

Case Studies

The Case Studies illustrate some of the ways in which students have
responded to Sample Learning Activities. The emphasis is on how teachers
can focus students’ attention on the mathematics during the learning
activities.

“Did You Know?” Sections

For some of the Key Understandings, there are “Did You Know?” sections.
These sections highlight common understandings and misunderstandings
that students have. Some “Did You Know?” sections also suggest diagnostic
activities that teachers may wish to try with their students.
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How to Read the Diagnostic Map

The Diagnostic Map for Geometry and Space has five phases: Emergent,
Recognizing, Describing, Analyzing, and Relating. The diagram on this

page shows the second phase, the Recognizing phase.

This part of the
Diagnostic Map shows
the learning challenges
for the phase.

and that we can
b relative neighbouring things, for
cing a toy boy under the toy table to “stand
boy under the real table.

d of the Emergent phase, students

h shape from other attributes that relate to
bs “look” (e.g., colour, size, texture), altho-
may not do so consciously

mal language that indicates they are res-
ko shape (e.g., “the pointy one”)

matching tasks by selecting a matching
m a_co ither posting shapes in

This part of the
Diagnostic Map
describes students’
major preoccupations
during the phase.

This part of the
Diagnostic Map shows
what students know or

can do as a result of
having made the major
conceptual shift of
the phase.

Emergent Phase  Recognizing Phase

Most students will enter the Recognizing
phase between 4 and 5 years of age.

As students move from the Emergent
hase, to the Recognizing phase, they:

to objects by their everyday or toy names (blocks,
ricks, party hat) rather than their shape

may not think to turn a figure over or around in order
to match or post in cut-outs

may have difficulty in matching a shape by feel alone
(e.g., in feely boxes) as they group and pat objects
rather than explore in a way oriented to discerning
shape

given drawings, will not distinguish, for example,
triangles from “almost triangles,” relying on an impre-
ssionistic match

may be able to copy a figure such as a square with
toothpicks but not be able generally to copy one from
a ready made drawing unless shown how (that is, they
have difficulty in dissecting the parts and deciding the
sequence or route to bring the components together)

These are the learning chall for the Recog
phase.

During the Recognizing Phase

Students’ exploration of objects and space through touch
and sight gradually becomes more regulated as they
attend to spatial features and construct mental and visual
representations of shapes and arrangements in space.

As a result, they can copy simple figures and recognize
es of “the same shape,” constructing visual images
otypes of what people mean when they refer to
mon figures and objects (e.q., This is a rectangle
because it looks like a rectangle.)

Also as a result, they construct visual images of familiar
objects and of where objects are within familiar spaces
and locations.

By the end of the Recognizing phase,
students typically:

m describe figures and objects using terms that are evoc-
ative of shape, such as “corner,” “pointy,” “lopsided,”
“slanty”

learn the names of some shapes (triangle, cube) altho-
ugh which names they know will depend upon the fre-
quency and naturalness of everyday use at school and
home

describe conventional figures and objects by reference
to prototypes they “look like”; e.g., “It's a door shape.”

glect ready-made materials that “look right” to make
ognizable models of parts of their environment (e.g.,
circular pieces for wheels, a cylinder for a tree trunk)

remember what some families of shapes look like and
produce recognizable versions; e.g., draw a figure that
resembles a triangle with three lines that more or less
join at their end points or as a continuous curve with
three “straight” sides and three corners

Describing

Most students will enter the Descri
between 6 and 7 years of age.

As students move from the
Recognizing phase to the Describin|
phase, they:

m explore objects using touch (e.g., in a fe|
ented to shape as a whole, not generally

m while implicitly knowing some features
type of figure (triangles have three sides,
pointy), do not recognize them in that wq
is a triangle because it looks like one

can identify familiar shapes singly buf
complex configurations or in non-standard|

use terms such as “corner,” “pointy,” “lop|
nty” vaguely and inconsistently

are not consciously aware of propertief
could produce a recognizable rectangle
lizing that it had right angles

although able to perceive the difference b
and 3-D thing, may think the word “shapi
2-D attribute and so may say there is no diff|
shape of a ball and a hoop, since both
the same shape name “circle”

when drawing a 2-D figure (e.g., a circle)
a 3-D object (e.q., a ball), think of the
the circle as inside the ball rather than a:
of the ball

in trying to represent what an object is|
how it happens to look, may draw what 4
be there; e.g., they show a hidden handle|
draw more sides of a cube than one could|

will often show a mixture of viewpoints
picture, e.g., side view of the legs of the
view of the table top and the items on it

These are the learning challenges for thg
phase.

During the Describing Phase

Through their own physical and perceptu:
spatial configurations focused on interpreting
and representing the parts making the wh
make sense of the spatial relationships wi
objects, and arrangements and in the visu
ations of them.

As a result, they identify the features o
figures (This has four sides and two of
equal.) and objects (This has six faces and
rectangles.) and construct 3-D meanings
representations of 3-D that are conventi
their culture.

Also as a result, students pay attention {
and placement of component parts whe
match, make, and copy things and are abl
objects in positional relationship to each
than in relation to themselves.

By the end of the Describing phasg

ember key aspects of the way things lo ——st“"“““wucauy\
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The text in the “During the phase” section describes students’ major
preoccupations, or focus, during that phase of thinking about Geometry and
Space.

The “By the end” section of each phase provides examples of what students
typically think and are able to do as a result of having worked through the
phase.

The achievements described in the “By the end” section should be read
in conjunction with the “As students move” section. Together, these two
sections illustrate that although students might have developed a range of
important understandings as they passed through the phase, they might also
have developed some unconventional or unhelpful ideas. Both of
these sections of the Diagnostic Map are intended as a useful guide only.
Teachers will recognize more examples of similar thinking in the classroom.

How Do Students Progress through the Phases?

Students who have passed through one phase of the Diagnostic
Map are entering the next phase. They bring behaviours and understandings
from one phase to the next. For example, the text in the “As students move
from the Emergent Phase” section describes the behaviours students bring to
the Recognizing phase. This section includes the preconceptions, partial
conceptions, and misconceptions that students may have developed along the
way. These provide the learning challenges for the next phase.

Linking the Diagnostic Maps and Learning Goals

Students are unlikely to achieve full conceptual understanding unless they
have moved through certain phases of the Diagnostic Map. However, passing
through the phase does not guarantee that the concept has been mastered.
Students might have the conceptual development necessary for deepening
their understanding, but without access to a program that enables them to
learn the necessary foundation concepts described in a particular phase,
they will be unable to do so.

The developmental phases help teachers interpret students’ responses in
terms of pre- and partial conceptions. If, for example, a student does not
treat a square as a rectangle, despite a teacher spending considerable time with
that student, then the phases can help explain what the problem is. In this
case, the student may not be through the Analyzing phase for Geometry
and Space and so may not see interrelationships among properties of figures.
No amount of telling the student “a square is a special rectangle” will
guarantee the understanding of why. The source of the problem is that the
student is not comfortably working with properties of figures to see that
different figures can have some of the same properties as well as some different
properties.
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How Will Teachers Use the Diagnostic Map?

The Diagnostic Map is intended to assist teachers as they plan for
mathematics teaching and learning. The descriptions of the phases help
teachers make informed decisions about students’ understandings of the
mathematical concepts. The map will help teachers understand why students
can do some things and not others, and why some students may be having
difficulty achieving certain outcomes.

Initially, teachers may use the Diagnostic Map to extend their own knowledge
about how students typically learn mathematics. Knowing about the major
conceptual shifts in each phase and their links to mathematical learning
goals will help teachers decide which Key Understandings should be the
major focus for classroom planning.

Familiarity with the behaviours described in the phases will enhance the
informed decisions teachers make about what they observe students doing and
saying during lessons. The information obtained over time about the major
preoccupations of students informs ongoing planning. As teachers begin to
understand the typical behaviours of each phase, this planning process will
become more efficient.
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Planning with First Steps in Mathematics

Using Professional Decision-Making to Plan

The First Steps in Mathematics resource books and professional development
support the belief that teachers are in the best position to make informed
decisions about how to help their students achieve conceptual understanding
in mathematics. Teachers will base these decisions on knowledge, experience,
and evidence.

The process of using professional decision-making to plan classroom
experiences for students is fluid, dependent on the situation and context,
and varies from teacher to teacher. The selection of learning activities and
appropriate focus questions will be driven by each teacher’s knowledge of
his or her students and their learning needs, the mathematics, and
mathematics-related pedagogy. The First Steps in Mathematics resource books
and professional development focus on developing this pedagogical content
knowledge.

The diagram on the next page illustrates how these components combine to
inform professional decision-making. There is no correct place to start or
finish, or process to go through. Circumstances and experience will determine
both the starting point and which component takes precedence at any
given time.

Different teachers working with different students may make different
decisions about what to teach, to whom, when, and how.

— =
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The process is about selecting activities that enable all students to learn the
mathematics described in curriculum focus statements. More often than
not, teachers’ choice of activities and focus questions will be driven by their
knowledge of their students and the mathematics. At other times, teachers
might select an activity to help them assess students’ existing knowledge or
because of the specific mathematics in the task. Whatever the starting point,
the First Steps in Mathematics resource books and professional development
will help teachers to ensure that their mathematics pedagogy is well informed.

The examples on the next page show some of the different ways teachers
can begin planning using First Steps in Mathematics.

Mathematics
Decide on the
mathematics
needed to advance
student learning.

Pedagogy
Decide on learning
activities and focus
questions.

Professional
Decision-Making
® knowledge

® experience

e evidence

Students
Observe students
and interpret what
they do and say.
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Focusing on the Mathematics
Teachers may choose to focus on the mathematics, deciding on the
mathematics they think they need to move students on.

What mathematics
do my students need
to know?

What sections of First Steps in
Mathematics do I look at?

Mathematics

Decide on the )
mathematics Key Understandings and Key
needed to Understandings descriptions
advance student

learning.

Understanding What Students Already Know
Teachers may choose to start by finding out what mathematics their students
already know.

What do my students know
about these mathematics

concepts? What sections of First Steps in

Mathematics do I look at?
Key Understandings and Key
Understandings descriptions
“Did You Know?” sections
Diagnostic Map
Diagnostic Tasks

Students
Observe students

and interpret
what they do
and say.

Developing Students’ Knowledge
Teachers may begin by planning and implementing some activities to develop
their knowledge of students’ learning.

What activities will help my
students develop these

ideas? How will I draw out . . .
the mathematical ideas from What sections of First Steps in

the learning activity? Mathematics do I look at?
Sample Learning Activities
Case Studies

Key Understandings and Key
Understandings descriptions

Pedagogy
Decide on learn-
ing activities and
focus questions.
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Planning

The mathematics curriculum goals and developmental phases described in
the Diagnostic Map help teachers to know where students have come from
and where they are heading. This has implications for planning. While day-
to-day planning may focus on the mathematics of particular Key
Understandings, teachers must keep in mind the learning required for
progression through the developmental phases.

If a student has reached the end of the Recognizing phase, then the majority
of experiences the teacher provides will relate to reaching the end of the
Describing phase. However, some activities will also be needed that, although
unnecessary for reaching the Describing phase, will lay important groundwork
for reaching the Analyzing phase and even the Relating phase.

For example, students do not typically understand the relationships among
the various components of 3-D shapes until the middle years of elementary
school. Therefore, identifying and using vertices, edges, and faces are not
expected for students reaching the end of the Recognizing phase. These
skills are expected, however, for students reaching the end of the Describing
phase. Given access to an appropriate program in Geometry and Space,
most students should be able to reach the Describing phase, identifying and
using vertices, edges, and faces, by the end of the middle years of elementary
school. If students are to develop these ideas in a timely manner, then they
cannot be left until after reaching the end of the Recognizing phase.

Developmental Phases 3 4 5

e —

There are a number of reasons for this approach. First, it is anticipated that
a considerable number of students will enter the middle years of elementary
school having reached the end of the Describing phase. Second, if teachers
were to wait until the middle years to start teaching about vertices, edges, and
faces, then it is unlikely that students would develop these ideas in one year.

Third, work in the middle years of elementary school should not only focus
on the Describing phase, but also provide groundwork for students to reach
the Analyzing phase in the next year or two, and the Relating phase some
time later.
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Teachers, who plan on the basis of deepening the understanding of the
concepts, would think about the expected long-term learning in the early
years of schooling. They would provide experiences that lead to the learning
goals of the Describing and Analyzing phases. This means that children may
be given simple prisms and pyramids and be challenged to build replicas
using toothpicks and marshmallows, thus focusing on edges and vertices.
The students at this early stage would likely use terms such as “side” for face
and “corner” for vertex. Such activities would be only for exposure to
component parts of 3-D shapes, although it would provide another
opportunity for students to see and use some of the 2-D and 3-D shapes at the
Recognizing phase. It will take several years of learning experiences in a
variety of contexts to culminate in a full understanding.

Monitoring Students over Time

By describing progressive conceptual development that spans the
elementary-school years, teachers can monitor students’ individual
long-term mathematical growth as well as their long-term progress against an
external standard. This long-term monitoring is one of the reasons why a
whole-school approach is essential. For example, Sarah has reached the end
of the Analyzing phase for each of the Geometry and Space concepts while
another student, Maria, has only just reached the Recognizing phase.

By comparing Maria and Sarah’s levels against the standard, their teacher is
able to conclude that Sarah is progressing well, but Maria is not. This prompts
Maria’s teacher to investigate Maria’s thinking about Geometry and Space
and to plan specific support.

However, if two years later, Sarah has not reached the end of the Relating
phase while Maria has reached the end of the Describing phase and is
progressing well towards reaching the Analyzing phase, they would both
now be considered “on track” against an external standard. Sarah’s
achievement is more advanced than Maria’s, but in terms of individual
mathematical growth, Sarah appears to have stalled. Her progress may now
be of greater concern than Maria’s.

Reflecting on the Effectiveness of Planned Lessons

The fact that activities were chosen with particular mathematical learning
goals in mind does not mean that they will have the desired result.
Sometimes, students deal with an activity successfully, but they use different
mathematics than teachers anticipated. Different activities related to the
mathematics that has not been learned may need to be provided in the
future.
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On other occasions, what students actually learn may not be what teachers
intended them to learn. Students may surprise teachers and cause them to
rethink the activity.

In some instances, activities, which teachers think will help students develop
particular mathematical ideas, do not generate those ideas. This can occur
even when students complete the activity as designed.

The evidence about what students are actually thinking and doing during
their learning experiences is the most important source of professional
learning and decision-making. At the end of every activity, teachers need to
ask themselves: Have the students learned what was intended for this lesson? If
not, why not? These questions are at the heart of improving teaching and
learning. Teachers make constant professional, informed evaluations about
whether the implemented curriculum is resulting in the intended learning
goals for students. If not, then teachers need to change the experiences
provided.

Teachers’ decisions, when planning and adjusting learning activities as they
teach, are supported by a clear understanding of:

the desired mathematics conceptual goal of the selected activities

what progress in mathematics looks like

what to look for as evidence of students’ deepening understanding
When planning day-to-day lessons, it is important for teachers to appreciate
that many of the same activities will be appropriate for students who are

working within a range of developmental phases. Teachers can accommodate
the differences in understanding and development among students by:

asking different questions of individual students and groups of students

providing extension activities for selected students

giving particular students opportunities to do different things with the
activities
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Chapter 2

Represent Location

Visualize, draw, and model locations and arrangements.

Overall Description

Students understand and use the everyday language needed to describe paths,
locations and arrangements. They interpret and construct a range of maps and
diagrams that are familiar within their communities, understanding that
different maps emphasize different features of the space or objects being
represented. They visualize and sketch paths, regions and arrangements to
meet specifications. Perhaps they show their route to school, plan a visit to
the zoo, plan an optimal route for a tour of country towns by a rock group,
sketch the region covered by a special sprinkler system, or interpret a diagram
that shows the relationships among people in a kinship network. In
representing location and arrangements spatially, they use a range of
conventions, including coordinates and networks.

FSIMO008 | First Steps in Mathematics: Geometry and Space @@@@
BY NC ND

© Western Australian Minister for Education 2013. Published by Pearson Canada Inc.


http://creativecommons.org/licenses/by-nc-nd/3.0/

BACKGROUND NOTES

Maps and Plans

For many people, the concept of a “map” may be limited only to the types of
maps they see in atlases and street directories. These maps typically show
many aspects of the real world, including distance, angle, direction, and
scale. Other maps, however, may or may not include all of these aspects. A
bus route, for example, will often show the stops in order but not the distance
between them. In order to make sense of a map, we must first make some
inferences about what has and has not been included.

The features of some common map types are listed below. Some maps will not
fall neatly into one particular category, and it is not intended that students
be taught to name map types, or recall the features of each. But it is important
when planning learning experiences to expose students to the full range of
maps and assist them to discover the features that are included. Knowing
the features of different types of maps will help teachers to do this.

Rough maps are informal sketches that are often drawn on the spot to show
how to get to a particular place. Unlike scale maps, which are usually intended
to be used by many people for a range of different purposes, they generally
have a specific, immediate use (to show how to get to a store or a town, for
example). Thus, they tend to show only a few key landmarks that are relevant
to the particular journey they describe. While they are not drawn to scale, and
things are not angled correctly, there is often still some reference made to
distance and direction, through the use of symbols (e.g., arrows) or spoken
words (e.g., “Go along this road for 100 m or so and when you get to this
tree turn left.”)

Networks represent only the order of objects and connections between
them (e.g., the flight routes between particular cities). Each object is
represented with the same symbol (usually a dot, or node) and connected
objects are joined by lines (paths) that are not drawn to scale or in any
particular direction. Arrows are sometimes used to show whether these
connections are one-way or two-way relationships.

Plans and scale maps use scale (which may be measured precisely or
estimated) to represent the distance and direction between objects. Thus, the
position of objects on the map or plan replicates their position in real life. On
plans, the objects themselves are also drawn to the same scale. Scale maps,
however, are normally of much larger areas, so a smaller scale is needed to
represent the distances between objects. For this reason, objects themselves
cannot be drawn to the same scale, and may be represented using
a different scale (e.g., the roads in street directories) or by symbols.
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Key Characteristics of Maps and Plans

Map Type

Rough maps

Representations

Key features relevant to a
particular journey drawn
informally

Distances between objects
(proximity)

Not drawn to scale but
symbols or verbal instructions
may be used

Relative position of objects
(order and direction)

Landmarks usually drawn in
order; information indicating
direction may be used

Network diagrams

Dots (nodes) represent the
feature of interest; lines
indicate connections between
items

Not shown

Order preserved by lines that
indicate connections between
items; direction not shown

Scale maps Key features within certain Drawn to scale Bird's-eye view showing
boundaries are represented relative position
(mainly with symbols)

Plans Key features within certain Drawn to scale Bird's-eye view showing

boundaries are drawn to scale
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Represent Location:
Key Understandings Overview

Teachers will need to plan learning experiences that include and develop
the following Key Understandings (KU), which underpin achievement of
this family of concepts. The learning experiences should connect to students’
current knowledge and understandings rather than to their grade level.

KU1 We describe where things are in relation to other things.
There are special words, phrases, and symbols that help us
with this.

KU2 Some maps or diagrams show the order of things
and what comes between what. Others also
represent distances and directions between
things.

KU3 Plans show the placement and relative size of
things from a top view.
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K-3 | 3-5 5-8

*k *k *k K-Grade 3, page 28
Grades 3-5, page 31
Grades 5-8, page 34

*k *k *k K-Grade 3, page 42
Grades 3-5, page 45
Grades 5-8, page 48

e *k Kk K-Grade 3, page 54
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Grades 3-5, page 57
Grades 5-8, page 60

Key

* % % Major Focus

* %

The development of this Key
Understanding is a major focus of
planned activities.

Important Focus

The development of this Key
Understanding is an important
focus of planned activities.

Introduction, Consolidation, or
Extension

Some activities may be planned
to introduce this Key
Understanding, to consolidate it,
or to extend its application. The
idea may also arise incidentally
in conversations and routines
that occur in the classroom.

(DG
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We describe where things are in relation to other things. There
are special words, phrases, and symbols that help us with this.

When we think about and describe where something is, it is generally in
reference to other things. We say it is “near the telephone,” “south of the
river,” “first on the left after you turn right into Brown Street,” and “over
there.” Students should develop the everyday language and some of the
special mathematical ways of talking about location and arrangement,
including the use of a coordinate grid.

When describing where things are, young students attend largely
to closeness or proximity, readily using words such as “on,” “in” or “under,”
and “near.” Over time, they learn that there are different degrees of “nearness”
and that we can describe the location of things in relation to each other
even when they are far apart or cannot both be seen from the same position.
Many students initially use a narrative style, recounting a kind of journey
from one item to the next: “There’s the truck, then the car, and then the
bike.” Later, they are able to use language that focuses on the relationships
between objects: “The car is between the truck and the bike.” They eventually
build up a kind of mental map that enables them to simultaneously think
about many locations and describe the possible routes between them: “Walk
10 m and turn right.”

Students will need many experiences arranging and rearranging familiar
objects both freely and by following oral instructions, and will need
opportunities to try out the language for themselves. Their early ideas about
“where it is” should broaden to encompass directional information, such as
“facing the door,” “to the left of,” or “north of.” They should develop the
language associated with direction (up/down, clockwise/counter-clockwise)
and movement (forward/backward, go around, turn) developing more
technical spatial terms, symbols, and methods of representation (angle, north,
WNW, parallel, grid, coordinate, (3, 4), 60°).

Grids and coordinates provide the major mathematical contribution to
representing location and direction; the essential idea being that we can use
numbers (usually pairs of numbers) to describe where something is. Often
students’ experience with locating things on grids involves focusing on the
squares where rows and columns intersect. In order to take advantage of the
numerical dimensions of a coordinate system (for distances to make sense),
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students need to be able to focus upon points as the intersection of two grid
lines. (See Did You Know?, page 36).

The language of direction and the kinds of reference points used for
finding our way around will often differ with local customs and the type of
environment. These could range from high-density inner cities where street
names, locally named corners, and right or left turns dominate to small rural
communities where landmarks like an old tree or the direction to the closest
general store might be used. Students should be encouraged to make use of
what they already know as a starting point for developing new ways of
navigating and communicating direction. When their descriptions of positions
and paths serve real purposes, students are more likely to realize when their
descriptions lack clarity or precision.

Links to the Phases

Phase Students who are through this phase. . .

Emergent use the everyday words of position (under, behind, in front of) and
movement (back, forward, turn)
For example: They can “put the bear behind the chair” and tell you
that “the book is under the table” and that they “walked past the
fountain.”

Recognizing attend to and describe “betweenness” and order relationships
among a number of objects or places
but may not consider relative distance and direction

Describing know that direction and distance are important and will try to
convey this
but may include nonessential information and personalized
knowledge not shared by the listener

Analyzing can give clear and simple directions for moving and locating
things in the actual environment or on models, plans, maps, or
computer screens, using both distance and direction and
conventional map grids
can plan and describe routes on a road map to fit specifications,
such as the shortest, the safest, or the one that does not involve
retracing one’s steps

Relating can interpret and use technical terms and measurements
associated with degrees of turn, compass directions and bearings,
distance, scale, and coordinates
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Sample Learning Activities

K-Grade 3: % % Important Focus

Fitness and Drama

Have students follow oral instructions that involve directional language during
activities, such as physical education and drama. Encourage students to use
terms such as “in front of,” “behind,” and “next to” in relation to themselves
and to others. For example, during physical education or drama, ask students to
wave their hands behind, above, at the side of themselves; ask them to jump
backwards, sideways, and forwards.

Simon Says

Invite students to follow specific oral directions involving words such as
“between,” “under,” and “next to” to place themselves in relation to other
objects. For example, when playing Simon Says, say: Simon says, stand next
to the door; Simon says, put your hand under your chair. Extend this to include
directions that involve students thinking about the position of more than one
object. For example, say: Simon says, stand between the wall and the desk;
Simon says, put your hand under your chair and next to the leg.

7,
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Instructions for Others

After playing games like Simon Says, where students have been following
instructions, invite students to give the instructions for a partner to follow
(e.g., how to set the table, how to make a car from blocks). Later, extend this
by having students direct the movement and positioning of a third object (e.g.,
Put teddy in the car next to the toy box). Encourage students to use position
words to clarify what their partner means (e.g., Do you want the teddy in, on,
or next to the toy box?)
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Computers

Use questions and modelling to make students’ use of positional language more
specific. For example, when students are using drawing software to create a
picture, ask: Where will you put the bird? Will it be in a tree? On the fence? What
can it be near? Suggest other objects to refer to. For example, when students
say their bird is “over there,” ask: What can you say about the bird and the rock?
Is the bird near (on, over, next to) the rock? (See Case Study 1, page 37.)

Visiting Classrooms

Encourage students to use the word “between” to describe location. For example,
walk through the school, visiting classrooms so that the order in which rooms
are visited does not match their physical arrangement. Ask: Which room is in
between the music room and the cafeteria? Which room did we visit between
visiting the music room and the cafeteria? Ask: What does the word “between”
mean? Which room was next to the music room and the cafeteria?

Mystery Object

Invite one student to select an object in the classroom and give others clues
to its location, (e.g., It’s on the bookcase. It's near the whiteboard. It's under
the window). Ask the student questions: Is it to the left of the clock?
Is it facing the wall? Encourage students to ask similar questions.

Compass Walls

Label the walls or corners of the classroom with north, south, east, and west.
Refer to these directions incidentally and when giving directions in the
classroom. Extend the Mystery Object activity above by encouraging students to
use the four directions in their clues and questions. Vary the game by asking one
student to leave the room while an object is hidden. When the student returns,
encourage the rest of the class to give directions to the hidden object using only
north, south, east, or west. Ask: Which direction is Yasmin facing? Which
direction does she need to be facing to find the mystery object?

Aerial View

Display a large aerial photo of the local area. Have students practise describing
routes using “left” and “right” (or north, east, south, and west) in relation to
the streets to go from one place to another. For example, To go from Stephen’s
house to school, turn left at the first corner, and then left at the next corner
and then right. Take a neighbourhood walk and then find your route on the
map. For example, ask: Which way did we turn when we got to Harper Street?
How many streets did we pass before we needed to turn left onto Robert
Avenue?
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K-Grade 3: % % Important Focus

Moving on a Grid

Have students follow instructions to move around a grid system. For example,
make a 4 x 4 grid on the floor using 16 carpet squares and make cards with paths
drawn through the grid. Invite one student to take a card and call out directions
for another student to follow the path through the grid (e.g., one forward, two
to the right, one backward). Encourage students to check each other’s instructions
and movement through the grid. Extend the activity by asking students to label
the rows and columns to make giving instructions easier (e.g., Go to row red,
column 2).

Finish

Start

Grid of Roads

To introduce grid coordinates, make a grid of roads using masking tape on
the floor. Label each of the roads using known street names. Have several
students stand on the intersections of two streets. Ask: If you wanted to meet
Ilya and Rhial, where would you find them? When a student names one street
(e.g., High Street), ask: How far along High Street? Could we tell where they are
by naming two streets? Invite three or four students to walk down the streets.
When they meet someone at a corner, ask: What are the two streets that make
the corner?

FSIMO08 | First Steps in Mathematics: Geometry and Space @@@@
BY NC ND

© Western Australian Minister for Education 2013. Published by Pearson Canada Inc.


http://creativecommons.org/licenses/by-nc-nd/3.0/

Sample Learning Activities

Grades 3-5: * & Important Focus

Mystery Object

Extend Mystery Object, page 29, by having students play in pairs and use
directional language (e.g., left, right, north, east, south, west, forward,
backward, half turn, quarter turn) to lead partners to the object. Explain to them
that they can direct their partner to the object only by saying how many steps
to take and in what direction.

Obstacle Course

Take digital photos of obstacle courses students have designed and walked
through. Encourage them to use the photographs to write directions that
explain how to complete the course. Invite them to give the instructions to a
partner to test.

Virtual Tour

Invite students to plan a series of locations to visit, such as the library or the
lunch room. Have them walk from one to the next, taking digital photos as
they go. In the classroom, record students’ oral descriptions of the route they
took. Use drawing software and the photos to create a “virtual tour” of the
school. If possible, include it on the school website for visitors to use. Ask: Could
you use some other words to help make your description clearer? What sort of
words would be helpful?

Aerial View

Using copies of an aerial photograph of the local area, invite students to
tell a partner how to get to their house (the local shop, the library) from
the school. Ask partners to draw a line on the map to show the pathway
described. Invite students to compare the drawn pathway to the pathway they
had visualized. Ask: What direction words were the most helpful in deciding
where to go or which direction to move?

Show Time

Give students maps of a fairground, showing the amusement rides along with
an entrance and an exit. Invite them to choose the rides they would like to see
and describe their pathway through the fairground to their partner, using
directional language (e.g., left, right, north, east, south, west, forward,
backward, half turn, quarter turn), as their partner draws the pathway onto
their map. Encourage students to “read back” their maps to see how they
match. Ask: What could you have said to make your pathway clearer to your
partner?
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Grades 3-5: % & Important Focus

Local Excursions

Give pairs of students a map to decide on the best route to take to get to a
venue for an excursion. Encourage students to suggest a route and to give oral
instructions for their partner to draw the route onto the map. Invite students
to compare their chosen route with others in the class.

Battleships

Give pairs of students 7 x 7 grids (See Appendix: Line Master 1) and ask them
to number the columns and rows 1 to 7 (grid references) and label the rows blue
and the columns red (see Battleship Grid 1—using grid references). Have them
secretly place two battleships onto their grids by choosing three adjacent
squares for each ship. Players have three turns to “shoot” their partner’s ships
by calling out grid references (e.g., red 3, blue 2). Two “hits” are required
before a ship is sunk. Repeat the game, this time labelling the lines not the
spaces (grid coordinates) (see Battleship Grid 2—using grid coordinates).
Again, have students choose three adjacent squares for each ship. Ask: How
will this change the game? (more possible hits) What counts as a hit? (anywhere
the ship is hit) Would any of the intersections be a hit? (yes) Should we call a
hit one that lands inside the ship? What numbers would we need to use for
that to happen? Where would you find red 43, blue 33?

blue
~
blue

1 1
1 2 3 4 5 6 7 1 2 3 4 5 6 7
red red
Battleship Grid 1—using grid references Battleship Grid 2—using grid coordinates

Grid Picture

Invite students to draw a simple line s
picture onto a grid and label the end
of each line segment using coordinates.
Have them describe to a partner how 3
to draw their picture by giving the
coordinates of points to be connected.
For example, Start at (1,2) and join it to
(5,2)... Ask: Why do we need to label
the lines and not the spaces for this “g——F———F 5% 5 %
activity?
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Drawing Shapes

Have students describe a series of commands to create a simple shape by
walking its boundaries. For example, invite students to think about the properties
of a shape (e.g., square, triangle, circle), act out the movements required to
create the shape, and write down the commands (e.g., Walk forward 10 paces,
turn clockwise a quarter turn, walk forwards 10 paces...) Have another student
follow the commands. Ask: How are the directions for making a square different

from those needed to make a rectangle?

Many young students initially think of direction in relation to their own
bodies and therefore find directions like “turn left” and “move to the
right” easier to learn than those associated with fixed external reference
points like “turn east” or “turn towards Regina.” However, in First Nations
cultures, young children learn the importance of the four directions—
north, south, west, and east—as each direction relates to the world
around them. The four directions are used in social contexts to help with
location, orientation, and position in the environment. They are referred
to throughout First Nations’ traditional teachings. For example, the four
directions are represented in equal quadrants of the Circle of Life, Sacred
Circle, or Medicine Wheel, used in sacred ceremonies and tradional
teachings of the within Plains First Nations cultures.

NORTH
elder
air

winter
receives energy
mental aspect
wisdom & logic

EAST
child

CENTRE
learning

self sun/fire
balance spnng
holds energy beauty & determines energy
physical aspect harmony spiritual aspect

introspection

& insight illumination &

enlightenment

The four directions of the Circle of Life provide an organizing principle for
everything that exists in the world, including the four seasons, the four
elements (earth, air, water, fire), the four aspects of humanness (e.g.,
physical, mental, emotional, spiritual), and the four stages of life (child,
teenager, adult, elder). It is important that the directional concepts of all
students be recognized and built upon, and that what is typical for the
majority culture not be assumed to be the norm for all students.
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Sample Learning Activities

Grades 5-8: * & Important Focus

Battleships

Extend Battleships, page 32, so that students use standard grid coordinates
(rather than grid references). Help students to define their battleships by the
four corner points, using the convention of naming the horizontal axis first; for
example, (3,4) (3,5) (6,4) (6,5). Ask: What coordinates would be a hit? What
is the range of coordinates that
would count as a hit for this

’ battleship? (The first number
6 between 3 and 6, and the
5 Pa second number between 4 and
w 5.) Invite students to use
4 \ fractions and decimals to give
3 coordinates that will count as a
hit. Ask: How many different

2 .
coordinates could there be?
(3,4) (3,5) (6,4) (6,5) 1 Draw out that there are an
0 endless (infinite) number. Ask:

Why do we need a zero line?

Street Maps

Refer to Battleships, above and page 32, when examining street directories
and maps to describe the kinds of referencing systems used. Give students maps
of the local area that have both grid references and grid coordinates shown
(some road maps have both systems). Encourage them to practise giving
directions to find a location using both reference systems. Ask: What information
can one give that the other cannot? Why might a grid reference system (rather
than coordinates) be on a street map?

Latitude and Longitude

Invite students to use a map in an atlas to find a place they are interested in.
Have them give the latitude and longitude coordinates to a partner who then
locates it. Ask: How is the reference system in an atlas different from a street
directory? Are the lines or the spaces numbered? Draw out what is the same
about the standard grid coordinates (see Did You Know?, page 36) and the
latitude and longitude numbering system. Ask: Where are the zero lines on the
globe? Why do we need to use the compass directions north, east, south, and
west when referring to latitude and longitude? What will you find at 23°30°S?
(Tropic of Capricorn) What Canadian city is closest to 114°05'W? (Calgary)
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Where in the World?

When students understand latitude and longitude coordinates (see Latitude
and Longitude, previous page), use a globe to play a 20 questions game where
one student tries to locate another’s choice of country or capital city on the
globe by asking up to 20 questions requiring yes or no answers. For example,
Is the place in the eastern hemisphere? The northern hemisphere? Is it between
the Tropic of Capricorn and the equator? Is it between 0°E and 90°E?

Holiday Map

Have students indicate places of interest on a map of your province or territory
and decide on a route for a holiday. Encourage them to use the map’s scale to
decide how far they could travel each day and still have time to sightsee. Have
them prepare a written itinerary saying where, how far, and in which direction
they would travel each day. Invite them to give their itinerary to a partner to
draw the route on the map.

Rough Map

Invite two students to sit back-to-back. Have one student use a street map
and explain how to get from one point to another while the second student
sketches a map as the instructions are given. Compare this rough map to the
street map. Ask: How is the rough map different from the street map? What
problems might be encountered if the area is unfamiliar?

Car Rally Navigator

Organize students into pairs. Invite one student, the “navigator,” to write
directions for the route of a car rally using a road map. Have the other student,
the “driver,” follow the directions, marking the route on the map, hidden from
the navigator’s view. Encourage them to compare the intended destination
with the actual destination. Ask: How could your directions be more accurate?

Grid Picture

Extend Grid Picture, page 32, by suggesting to students that they could name
places within the squares by using fractions or decimals. For example, Start at
(1,2) and join it to (4.5, 6.5). Later, give students 1-mm grid paper (See
Appendix: Line Master 2), and invite them to label the centimetre lines with
whole numbers. Challenge students to draw curves by naming grid points in
sequence using tenths. Ask: Is tenths precise enough to draw a curve?

Antarctica

Have students use an atlas or search the Internet to find a map of the Antarctic
bases. Ask: Why are the grid lines different from most other maps of countries?
What do the circular grid lines represent? What do the grid lines radiating out
from the South Pole represent? How is this the same as or different from
rectangular coordinates on other maps? How would you navigate using this
map?
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Grades 5-8: * & Important Focus

Walk on a Bearing

Have students face north and tell them that north is 0°. Call out various angles,
including the major compass points (e.g., 90°, 45°, 270°, north, south, east,
west) and encourage students to estimate the angles by moving their right
arm in a clockwise direction. Invite students to choose a particular angle or
bearing (e.g., 45°) and work out which direction this is from where they are
standing. To do this, they will need to find north and then work out where
their angle is from north. Encourage them to find a landmark in the distance to
use to ensure they stay at the right angle, and then walk on their bearing.

Later, engage students in orienteering activities.

Grid references describe the cells or spaces between the grid lines, and use

numbers as labels not quantities. Letters or other symbols would be just

as appropriate as numbers to label the columns and rows; e.g., B2 on the
top grid at the left indicates the dark shaded cell.

A grid reference system cannot show different positions
within a cell. While this is a useful way of labelling an
area, as in road directories or atlases, it is important that
students understand that this is not a coordinate system,
and that numbers are used in a different way when
labelling grid coordinates.

Maps that use grid coordinates number the lines instead
of the spaces. Pairs of numbers are used to indicate
position; e.g., (1, 3) on the middle grid at the left shows
the exact point where the gridline at 1 on the horizontal
axis crosses the gridline at 3 on the vertical axis. The
convention used when reading and writing grid coordinates
is to name the horizontal axis first and the vertical axis
second.

Coordinates can be named using decimals (or fractions) to
give more precise locations within a map; e.g., (1.25,
2.5) on the bottom grid at the left gives the location of
the point shown.

The numbers used in a coordinate system are not just
labels (as in a grid reference), they are points on a number
line and therefore can show measurements of things like
distance and degrees; e.g., latitude and longitude lines
show degrees.

Understanding how a grid coordinate system works is important as it
underpins coordinate geometry, which students will meet in secondary

school.
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CASE STUDY 1

Sample Learning Activity: K-Grade 3—Computers, page 29

Key Understanding 1: We describe where things are in relation to other
things. There are special words, phrases, and symbols that help us with this.

Working Towards: Recognizing phase

LEARNING PURPOSE

I had noticed that my students’” use of directional language was somewhat
limited. When asked where objects were kept in the classroom, they would
point or use general terms such as “over there” or “near the door” instead of
using more specific positional language, such as “under the bookcase” and
“next to the table.” I wanted to develop this positional language, while helping
my students see the value of using these words to be more precise when
describing locations.

ENGAGING IN ACTION

Initially I engaged the group in lots of physical movement, giving them
opportunities to position themselves in various locations around the room,
while I modelled the language they needed to develop. I gave directions such
as, “Krista, stand in front of the bookshelf,” and then described their positions,
“Krista is in front of the bookshelf, next to the door.”

After a number of similar sessions, the class decided to produce a “talking
book” about what they had been doing. They used a digital camera to take
photos of students in different locations around the room, and then they all
looked at the pictures on the computer and decided on the appropriate oral text
to describe the student’s position in each one. The student concerned then
recorded text using Kid Pix Deluxe®
Slide Show (software such as
PowerPoint could also be used) to
complete the book. Students had
the opportunity to use the
language of position in several
contexts—to suggest positions to
be photographed, to discuss which
oral text would describe each
position for the recorded voice-
over, and to actually record a T
description of their own position ‘ ’&‘,{“:ﬁ{l i
in a photograph.

The class had been taking part in a

My name is Carrie and I'm sitting on the
table next to the bookcase.

travel-buddy project, and had a toy
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Students need to hear
the language of
position and have the
opportunity to respond
to it before they can
begin to use the
language of position
themselves.

Unless students are
given a real purpose
for using the
appropriate language,
they are unlikely to
make it a useful part
of their vocabulary.
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This required students
to externalize the
actions in order to
successfully carry out
the instruction and,
for many, this was
challenging.

Some children were
using language that
suggested they saw
the picture only as a
2-D image and related
location words to the
screen itself (e.g.,
“The birds are at the
top”). Others used
language such as “The
rabbits are jumping
away to a shed,”
which indicated they
were visualizing the
screen space as a 3-D
environment. The need
to see a 2-D image as
representing 3-D space
underlies the ability to
interpret maps and
therefore that
students have reached
the end of the
Recognizing phase.
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kangaroo in the classroom that had been sent to them from a class of students
in Australia. Several students were keen to make a similar talking book about
Kramer the Kangaroo to send to their pen pals. I asked students to place Kramer
in various locations around the room in response to the kinds of directions
used in the earlier activities. This time, instead of saying, “Krista, stand in
front of the bookshelf,” I said, “Krista, can you put Kramer in front of the
bookcase?”

Extension of Individual Language Skills

The following day, I worked individually with each student at the computer to
help them to create a picture using a stamp pad program. Each picture began
with a simple horizon and a tree, and students used a “stamp set” to add
animals in varying positions. Other objects like ponds, rocks, and buildings
were added as desired.

q y,

[

o o o

I o
[mmm]
O

I
|

|
o ] s e | o [

I asked Robert where he wanted to put his frog.
“There,” he said, pointing to a location near the tree.

I replied, “Ah, yes, next to the tree.” They continued to add several frogs and
some birds to the picture, with Robert continuing to point at the screen when
asked where he wanted to put the animals.

I wanted Robert to begin talking about the position of his animals in his own
words, so I said, “Tell me about your picture.”

Robert said, “There’s a tree and some birds and some frogs.”
“Let’s begin with the birds,” I said. “Tell me where you put the birds.”

“There,” Robert said and pointed at the screen.

oo
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“Try to say where they are in your picture without pointing at them, so I can
write it down,” I said, but Robert did not respond. “Well, I can see a bird up in
the tree. Where did you put the other bird?”

“In the sky.”
“Is it flying high in the sky or near to the tree?”
“It's near the tree.”

“What should we write down, then, about the birds?” I asked. “We could begin
with ‘There is a bird...

“There’s a bird in the sky near the tree, and there’s a bird in the tree as well.”

These final responses were written beneath the pictures and later shared with
the rest of the group and parents.

4 )

4y

There is a bird in the sky near the tree,
and a bird in the tree as well.

There are 3 frogs jumping forward.

There are 4 rabbits jumping away to a shed.
There are 2 rhinoceroses sitting on a rock
watching the other animals.

There are 3 horses and they are galloping
into the sky.

I was pleased to see students practising the language during free-play activities
in the block corner. Many students constructed houses, boats, and such for
their teddy bears and then spontaneously used location language in their talk:
“I'm putting my teddy bear in the car, you put your teddy bear next to mine.”
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Some maps or diagrams show the order of things and what
comes between what. Others also represent distances and
directions between things.

There are a wide range of maps and diagrams that provide two-dimensional
visual representations of locations, regions, and arrangements. All maps have
one common feature. They represent (or preserve) what comes “between”
what; that is, the arrangement or order of objects within the environment.
Thus, all maps should enable you to tell whether you can get from one place
to another, whether you have to go through another place on the way, which
place comes first or second, and what routes are possible.

Some maps seek only to preserve “betweenness” and do not indicate
direction or distance. Examples include the network diagrams typical of rail
and subway systems and air routes. These schematic network diagrams do
not enable you to tell how far it is from one place to another or in what
“true” direction you are going.

Other maps, while correctly representing “betweenness,” also correctly
represent (or preserve) some measurement information about the location or
region. Different maps will preserve different measurements and distort
others. Thus, the geographic maps called Mercator projections preserve
direction (based on lines of longitude and latitude) but distort areas, so that,
for example, Greenland looks much larger in area relative to Africa than it
is. Other geographic maps keep areas accurate but distort shape (see page
50). Most common road and regional maps preserve road distances and
directions; that is, they provide a sort of scale drawing of the location.

Students should develop the basic concepts underlying the mathematical
representation of arrangement and location by exploring and describing the
layout and position of things in their environment and paths and movements
within it. Their work with maps should begin with those most familiar within
their home communities and gradually expand to include those that are less
familiar or more conventionally mathematical. They should use sketches of
their locality or road maps to describe the position of local features, understand
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and use bearings to define direction, and specify location by using simple
coordinate grids and distances and directions. They should learn to relate
direction and angle of turning to compass directions and use a magnetic
compass to determine simple directions. In addition, they should develop
intuitive ideas about pathways and networks.

While it is important for students to develop the ability to produce
accurate scale maps, making this the sole focus of mapping activities may
lead students to the conclusion that maps and diagrams are always drawn

to scale when this is clearly not the case.

Links to the Phases

Phase

Emergent

Students who are through this phase. . .

draw a narrative or “story” of a route

For example: A student may draw the route from home to

school, starting at the beginning of the trip and moving through
the journey (“and then, and then...”)

Recognizing

draw maps that show order and correctly place one thing between
two others on their journey and may even look like a bird's-eye
view but their maps may not match the actual locations of the
places; like informal rough maps, their maps have little overall
sense of orientation or scale

Describing

are less egocentric in the respect noted above and are able to
think of a plan or map as a bird’s-eye view

attempt to represent orientation and proximity in maps of familiar
locations

Analyzing

can use simple scale to interpret and make maps and attend to
direction but may not connect this with the general idea of angles
and degrees of turn

Relating

can use coordinates, bearings, and scale to interpret and draw
maps and plans

For example: A student may use a map of their province or
territory to estimate distances between towns and the bearing of
one town from another.

produce diagrams, such as networks, that show key locations in a
familiar environment where what is “key” depends upon the
purpose of the “map”

use diagrams to represent arrangements and movements when
solving problems
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Sample Learning Activities

K-Grade 3: % % Important Focus

Little Red Riding Hood

After reading a familiar story, such as “Little Red Riding Hood,” have students
suggest events and landmarks and describe the pathway taken by the characters
as you draw the events and connect them, making a story map. For example: Ask:
Where was Little Red Riding Hood at the start of the story? What happened
next? What do I need to draw to show that she walked through the woods to get
to Grandma'’s house? Where did she go after she got to the front door? What
happened next? When the story map is complete, ask questions about the order
and position of landmarks and events in the story, in relation to other landmarks
and events. For example, ask: Did Little Red Riding Hood see the wolf before or
after she got to Grandma'’s house? How did we show that on the map?

Story Map
Extend Little Red Riding Hood, above, by having pairs of students choose another
familiar story and construct a story map of it. After students have drawn their
story map, pin their map up and have them retell the story, referring to their map
to help and using a pointer to show where they are in the map as the story
progresses.

Rolling the Ball

Have students recall the order of actions, turns, or throws that occur in a game
and show them in a diagram, illustrating the people and pathways taken. For
example, set up a small group in a circle and have a pair of students draw a large
diagram to show the names and positions of the students in the circle. Invite
students in the circle to roll a ball backward and forward to different students
and have the pair of students draw the path of the ball on their diagram. Ask:
Did anyone miss out on a turn? Which pairs had the most turns? Encourage
students to look at the diagram to find the answers. Extend the activity by
having students record a game of catch or having them design, use, and illustrate
an outdoor fitness or climbing circuit.

Stretchy Connections

Join six or seven students together using lengths of elastic looped over their
wrists. Invite them to move around so that they are no longer standing so
close to or so far away from the students they are connected to. Ask: Now that
you've moved over there, who are you joined to? How come it is the same
people? Say: Before you moved, I could get to Shay by following the path from
Jessie to Guy to Lee and then to Shay. Is that order still the same? What has
changed about the path? Draw out the idea that changing position does not
necessarily change the order.
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Landmarks

On a large whiteboard, draw the approximate positions of several landmarks
in the local area (e.g., the school, the local shopping area, a playground, a
lake). Invite students to direct you to the approximate position of their home.
For example, ask: Is your home farther from the school than the shopping area?
Is it on the same side of the playground as the school? Is it closer to the
school than Karen’s home?

Playground
Begin to develop students’ understanding of mapping.

1 On a large sheet of paper in the classroom, have students help make a map
of the school playground from memory, using 3-D representations of the
playground equipment and language (e.g., near, next to, between) to establish
positions. When they are satisfied with the placement of the equipment,
mark each piece of equipment with a cross and label each on the map (or draw
a little picture for younger students). Discuss and mark where they think
other key features will be on the map. For example, ask: Where will the gate
be on our map? Where will our classroom be? Where will the big tree near the
athletic field be?

2 Take students to the playground with their map to match it to the actual
equipment. Ask: Where are the swings on our map? Which way do you have
to look to see the classroom door when you're on the swings? Pretend you
are tiny and can sit where the swings are on our map. Where would you be
sitting on the map? What would be in front of you? What would be next
to you? What would be behind you? Is that how it is when you sit on the real
swing?

3 At the playground, have students help you make corrections to the map.
Back in the classroom, redraw the map more carefully, marking and labelling
locations more accurately. Laminate the map and put it in the play corner for
students to use in their play.

4 Use the map and blocks to plan where temporary play equipment could be
placed for sports or outside play activities. Mark the placement on the map
and invite students to follow the map to set out the equipment in the right
place. Ask: Where are the hoops on the map? Is the place where Kim put
the hoops really between the slide and the fence in the playground?
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K-Grade 3: % % Important Focus

Looking at Maps

Give students a variety of maps with different scales (e.g., a map of the school
grounds, a page of the local street or area map, a map of the province, a map
of the country, a map of the world). Tell them the maps are all about where they
live. Encourage students to ask questions about the different maps, and pin
them up on the wall for incidental discussion (e.g., How come the map of the
town has numbers on it but the school map doesn’t? If I need to find out whether
the shopping centre or the swimming pool is closer to the library, which map
would help me?)

Compass Walls

Extend Compass Walls, page 29, by drawing a large plan of the school grounds
with the classroom clearly marked. Place the map on the floor, correctly oriented
to the classroom, and ask: Which direction is the playground? Which direction
is the playground on the map?

FSIMO08 | First Steps in Mathematics: Geometry and Space @@@@
BY NC ND

© Western Australian Minister for Education 2013. Published by Pearson Canada Inc.


http://creativecommons.org/licenses/by-nc-nd/3.0/

Sample Learning Activities

Grades 3-5: * & Important Focus

Rough Maps

Invite students to draw a rough map of their route to school, including the
landmarks passed on the way. Have them compare their maps to see if any
have the same order of landmarks. Ask: Does anyone follow a different route and
still pass the same landmarks? (e.g., both go past the grocery store, over the
bridge, past the deli, then to school, but one takes a shortcut between the
grocery store and the bridge) Could you follow someone else’s route to get to
school? How do you know? Draw out the idea that a rough map can appear to
be different when the landmarks are in the same order. They can also look the
same but the distances travelled between landmarks may be different.

Scale Map

Extend Rough Maps, above, by asking students to modify their map of their
route to school to take into account the relative distance between landmarks.
Ask them to record the distance between landmarks (in footsteps if walking,
kilometres and metres if driving or riding). Ask: Is the distance from home to
the grocery store further than the distance from the grocery store to the school?
Does this match your rough map? What do you need to change on your map to
make it a closer match to the real distances?
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Grades 3-5: * & Important Focus

Stretchy Connections

Extend Stretchy Connections, page 42, to show how landmarks on a map can
be repositioned in a way that does not affect the way the landmarks are
connected. Use an enlarged map of a familiar bus or train route. Mark a small
number of “stops” with large pins on the map and use elastics to connect the
pins, to show how they are connected by roads or rail. Reposition the pins and
the elastics in a straight line below the map. Ask: Has moving the “stops” into
a network diagram changed the way they are connected? Is the order of the stops
still the same? What could you see on the original map that you can’t see on this
network diagram? Encourage students to examine other bus or train network
diagrams that show the order of the stops.

Sightseeing

Have students design a route to visit a selection of sights in their local suburb,
town, or city. This could be done after an excursion or for a familiar tourist
location. In Charlottetown, PEI, for example, the sights to see are the Founder’s
Hall, Canada’s Birthplace Pavilion, Peake’s Wharf, and Beaconsfield Historic
House. Ask: What information do you need to help you design the route that
requires the least walking? What information would you need to include in
your diagram for people to know how to get from one sight to the next?

Flow Charts

Have students use flow chart software to investigate the effect of changing
the shape of flow charts. For example, when studying life cycles in science,
construct diagrams to show the different stages in a circular diagram, and then
display it in line view. Retell the cycle both ways. Ask: What has changed?
What has stayed the same?

Local Maps

Give students a map of the local area, with the school shown in the centre.
Find north on the map. Invite them to draw on the map the approximate amount
of turn in direction (half, quarter, three-quarter) between various landmarks
and the northern direction of the school. Ask: If you are facing north at school
on the map, how far would you have to turn to face where the shops are? In the
classroom, use a compass to help determine north, and have students use the
maps to help them turn to face the direction of the landmarks they marked on
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their map. Ask: What did you have to think about to match your
turns to the map? Draw out that you need to know where north is
both on the map and on the ground to know where you start your
turn from.

Playground

Extend Playground, page 43, to further develop mapping skills by
having students create a map of the school grounds, using symbols
for the different positions of fixed objects. Invite them to create a
map to use for a science nature walk to visit sites like an ants’ nest, a special
plant, or a spider’s web, maintaining relative distance and direction as much as
possible. Ask: How can we show where things are when there are no signposts
or nearby fixed landmarks to help? Would compass directions help? How can you
show on your map that you need to change direction from facing the tree,
which is in an easterly direction, to facing the basketball hoop, which is in a
south-easterly direction? How can you show on your map how far to walk in that
direction? Encourage students to follow each other’s maps. Ask: What things
made following some maps easier than others?

Fun Run

Have students use a map of the local area to plan the route for a fun run,
marking the route on the map. Encourage them to think about the distance
travelled compared to other distances in the locality. For example, ask: How does
it compare to the distance from the school to the local shopping centre? (It's
about twice as far.) Ask students to create another simplified map of the run,
making sure there is sufficient information on it for runners to know which
way to go, where to turn, and so on. Ask: How can you show on your map that
the runner needs to change direction after going over the bridge? How will
they know that the distance between the first and second checkpoints is three
times as long as the next leg of the run?

Looking at Maps

Extend Looking at Maps, page 44, by starting with the world map and locating
the position of the school, noting that we can see only a dot for the whole city
or that towns are unmarked. Look at the map of Canada, then the provincial map,
then the local area map, and lastly the school playground map. Ask: Does our
school appear on each map? Why? Why not? Use an Internet search engine to
find a map search site. Zoom in on your area and see how much detail the
map provides. Some map search sites also include satellite images that connect
photographs with the maps.

Scale Information

Invite students to locate the scale information on two maps of the local area
that have different scales. Ask: How are they different? Which map shows a
bigger area on the same-sized page? How does the scale affect the amount
of area shown on the map?
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Sample Learning Activities

Grades 5-8: * & Important Focus

Rough Maps

Extend Rough Maps, page 45, by asking students to compare actual distances on
their rough map to a road map or street directory of the local area. Ask: What
would you need to change on your rough map to make it a more accurate guide
to the distance and direction you travel to school? Encourage students to redraw
their rough map for a person who has only the map as a guide to get from
their home to school and is unfamiliar with the area. Ask: What did you change
from your original rough map? Why?

Sorting Maps

Give students a range of different maps and plans, including networks such as
bus or train routes, and nature walks from parks, and ask them to sort them,
giving reasons for their groupings. Ask: How is each map in this group the
same? What are the differences between the groups? Which maps tell you the
order of the places? Which maps tell you how far apart places are? Which maps
show direction?

Stretchy Connections

Extend Stretchy Connections, page 46, by sticking labelled pins into places on
a country road map on the bulletin board. Use elastics to join those places
that have connecting roads. Move the pins with elastics attached off the map
onto a blank area of the board. Ask: What has changed and what has stayed the
same? Draw out that even though the positions of the pins have been rearranged,
the relationships between them have not changed. Draw the network so that it
fits neatly down the side of a page and place names can be listed next to the
network. Ask: Would this map be useful? How?

.Angleton

Campton Downtown

Campton

Eagleton

scown

Downtown

Finkleton
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Fun Run

Ask students to use a map of the local area to plan the route for a
5-km fun run. Invite them to mark the route on the map and use the scale to
calculate the distance of each section. Ask: How do you know the overall length
will be 5 km? Have students draw a simplified map for the runners, giving full
directions for distance, direction, and turns (e.g., run north for 50 m along
Westbourne Road and then turn east down Jacksons Lane ...)

Local Maps

Extend Local Maps, page 46, by asking students to imagine they are in the
classroom facing north. Invite them to use the map to decide how far and in
which direction they would need to turn to face various landmarks, drawing
lines on the maps and using their protractor to measure angle as needed. Test
directions by having a student face north, turn as directed, then match the
actual direction to the direction on the map.

Looking at Maps
Extend Looking at Maps, page 47, by asking: What's the same about each map?
What's different about each map? Draw out that each covers wider areas of
the same location.

Scale

Invite students to examine the scale used on a road map of the local area.
After determining real distances between locations using the scale on the map,
have students use the scale to determine the width of one of the roads (with
assistance if needed). Compare this to the actual width of a similar road. Ask:
How wide would the road be if it was drawn to actual scale? Why would the map
maker draw the road to a different scale?

Orienteering

Use orienteering activities to explore the relationships between direction and
distance as shown on orienteering maps. Ask: How is distance shown on the
map? How is this converted to real distance? How is change in direction shown
on the map? How is this converted to actual change of direction?
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Grades 5-8: * & Important Focus

River Crossing

8a 2k
a =adult

k = kid to get each adult

8a 1k

7a 2k

7a 1k

6a 2k

la 2k |
1k

\

la 1k
1a

1k

One extra trip 2k
to get the last 2k

So, it's 8 fours
kid across

8a 2k and one more
=33 trips

[N

When making a rough map, we often describe the journey while we draw.
It is the combination of the marks on the page and what we are saying (go
along this road, there is a big tree here, and you turn left down this
track...) that communicates our intended message. Someone who has not
heard the conversation may not be able to interpret the map.

In some cultures, this is how all maps are intended to be read. Some maps
are designed to be “sung,” and the accompanying chant conveys extra
information that is necessary to make sense of the drawings. Other maps
contain markings that will be interpreted differently depending on where
the map has come from. It is not possible to make sense of the map without
knowing where it was produced or who has helped to produce it. Students
whose cultural background includes experiences with only these kinds of
maps may see no reason for including conventions, such as keys and
universal symbols, on more formal maps—they may assume that anyone
reading the map will automatically know what the drawings on the map
mean.
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Have students use pathway diagrams

Repeat the 4 tips 0 solve problems not related to maps
across or locations. For example, say: A group
of eight adults and two children want

to cross a river. Their boat can hold

just one adult or up to two children,

but not an adult and a child together.

What is the minimum number of trips

. needed for all to cross the river?

\ e st Invite students to draw a diagram to
ot help them solve the problem. Ask:
How does your diagram show what is
happening? How does it help you
solve the problem?

Did
Know

o 0o


http://creativecommons.org/licenses/by-nc-nd/3.0/

Map Projections

Have students investigate how map makers have dealt with the problem of
creating a flat map from the curved surface of the earth. For example, provide
atlases for students to select and compare different types of map projections of
the world, such as the Mercator projection, the Lambert equal-area projection,
and the Robinson projection. Invite a student to use a globe to find two
locations along the equator and two locations with similar distance and
directions near the Arctic Circle. Encourage students to compare this to the
same locations on the different maps. Ask: How are they different?

Ea! i
rw/v—v"f el B
: Pk :6'40

Cad

Mercator Projection

Internet Maps

Search the Internet for maps using the word “map” and the name of your town
and province or territory as search parameters. Print a range of maps for whole-
class comparisons. Ask: How are direction and distance shown on each map?
Which symbols and information relate to real-world features (e.g,. rivers, roads,
mountains) and which to imaginary features (e.g., longitude, latitude)? How are
these symbols the same on different maps? How are they different?
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Plans show the placement and relative size of things from a
top view.

A plan has many things in common with the kinds of maps we find in road
directories. (See Key Understanding 2, page 40.) Plans, too, show a top view
and are drawn to scale, so directions and relative distances between objects
are preserved. In a map, however, objects are usually not drawn to scale but
rather are represented by symbols and labels. In plans, we are interested in
how things are positioned as well as where they are, so we also draw the
objects to scale and angle them correctly in relation to each other and the
space they are in. Thus, plans can show how buildings are positioned in
relation to roads and fence lines (e.g., town or block plans); how parts of a
building are positioned in relation to each other (e.g., house plans or shopping
centre layouts); and how furniture is positioned in relation to a room (e.g.,
floor plans and layouts).

Students need a lot of experiences making, comparing, and talking about
their own and others’ plans of a diverse range of environments. They need
opportunities to draw and redraw their plans and to refine their ideas about
orientation and scale. It is also important for students to draw and use their
plans for real purposes, such as rearranging furniture in the classroom, planting
a vegetable garden in a corner of the schoolyard, or planning a model village.
Drawing attention to the way things look smaller and closer together when
seen a long way off can develop their initial ideas about scale. Photographs
of their toy towns taken from the top of a ladder, and aerial photos of known
environments can reinforce this idea. Students need to make judgments
about which features are needed and which are irrelevant. For example,
showing compass points on some plans might be useful, for others a grid
reference system might be appropriate, while for others the frame of reference
might simply be the edge of the space represented on the plan.
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Links to the Phases

Phase

Describing

Students who are through this phase. . .

place objects in the correct general order on a simple plan

but their sense of how close things are together and their sense
of scale may not be particularly well developed; their plans are
likely to be somewhat egocentric

For example: A student may draw his or her desk larger than the
desks of other students in the class.

notice order and relative proximity among some objects but may
not attend to scale or the overall frame of reference used in a plan

Analyzing

can recognize and use a top view to represent familiar locations
on plans

understand that plans represent a given space containing an
arrangement of particular objects

informally attend to general direction and relative size but are not
able to make use of formal scale relationships in making or
interpreting plans

Relating

use formal scale and relative angle to represent size and position
accurately when making and using plans for a wide range of
purposes
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54

Sample Learning Activities

K-Grade 3: % % Important Focus

Making Models

Provide students with illustrations of imaginary environments that include
various natural and human-made features and boundaries, such as rivers, trees,
lakes, road networks, and fences. Invite them to use building materials to
create appropriate models on the illustrations. Ask: Why did you decide to
make a shop there? How will the people walk around your zoo? Where would a
farmhouse go? Encourage students to draw their arrangements for others to
understand. Ask: Can you make a drawing that someone else could use to build
the same town?

Dolls’ Rooms

Provide students with doll-house furniture and shoeboxes and invite them
to set up different rooms in the boxes. Take top-view photographs and have
students help match them to the models. Ask: Which parts of the furniture can
you see and which are hidden? Have students trace over the photographs to
make plans of the “rooms.” Ask: How are the plans different from the models?
Draw out that the space between furniture looks smaller as well as the furniture.
Mix up the plans and have students match them with the original models.

Mixed Up Dolls’ Rooms

Extend Dolls” Rooms, above, by secretly changing the arrangement of doll-house
furniture in the “rooms” and drawing plans of the new arrangements. Mix up the
plans and ask students in pairs to match a plan to a “room.” Ask: What gave you
clues about which arrangement was the right one?

Remaking Dolls’ Rooms

Further extend Dolls” Rooms, above, by removing all the furniture and asking
students to put the furniture back as it was, using the plans. Have others look
at the arrangements and the plans and check for correct placement. Ask: How
did you know the table was not in the right place? Encourage students to draw
plans of their own arrangements, then, after removing the furniture, ask their
partners to set up the furniture again, using their plan. Ask: What do you need
to think about when you draw your plan? How do you know which way to put
the bed?

Model Town 1

Invite students to build a town with recycled materials or blocks, placing
buildings around the classroom floor. Encourage them to decide on the identity
of different buildings and add roadways with masking tape and other features
such as athletic fields and a swimming pool. Invite students to pretend to fly
over the town and say what parts of their buildings they see. Ask: What does
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the skyscraper look like from above? Which way is the shop facing? If you were
flying over a real town, what other things would you see? Which things stay in
the same place? Which things move around? (cars and people)

|B B

Model Town 2

Extend Model Town 1, above, by taking a series of photos, some from close to
floor level and others standing on a ladder or desk directly above the model.
Display the photographs for students to identify which groups of buildings the
photos depict. Talk about a bird’s-eye view compared to other views. Using
enlargements of the top-view photos, help students trace the outlines of the
buildings to create plans. Ask: How do the plans look different from the models?
What can you see from the side view that is hidden from a top view? What
would change if the photo was taken from even higher above the models?

Model Town 3

Extend Model Town 2, above, by having students draw and cut out top views of
their buildings and features (e.g., an athletic field, a swimming pool). On a
bulletin board, have students recreate the physical arrangements by pinning
up the cut-outs. Ask: On which side of the shop is your house? How close was
your house to the shop? Which way was the shop facing? Was the athletic field
on the same side of the school as the shop?

School Buildings

Make an enlarged plan of the school buildings with the rooms, doorways,
windows, playground, and other features clearly shown but not labelled. Lay the
plan on the ground, correctly oriented, on an open area of the playground.
With students gathered around, point to a room on the plan and challenge
students to point to where it is in the real world. Send pairs of students to
check the number of the room indicated. Ask: How did you decide which room?
Encourage students to solve how to match the plan to real space by pointing out
important features. For example, There’s a door on the playground side of the
school (main building) on the plan. It's the second room from the end. It's the
room with the windows on this side.
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56

K-Grade 3: % % Important Focus

Aerial View

Ask students to help locate and label the school, relevant streets, and local
landmarks using a whiteboard marker on a large-scale aerial photo of the local
area covered with plastic. Invite them to draw a top-view representation of
their house so that someone else could recognize it. When they think it looks
the right size for the plan, have them pin it on, along with their house number.
Draw their attention informally to relative scale. Ask: Is your house bigger
than the shopping centre?

Classroom Arrangements

Prepare some top-view cardboard cut-outs of the desks and other furniture
in the classroom, drawn to scale, and draw an outline of the room on a large
sheet of paper, showing the door and windows to the same scale. Place the
plan on the floor, using the same orientation as the room. Invite students to
place the pieces of furniture correctly. Ask: Is the bookcase touching the door,
or is there a space? Should those desks be that close to the teacher’s table? Refer
to the actual arrangement to check. When everyone is satisfied, draw around the
furniture cut-outs and label them on the map. Display for discussion.

Real Plans

Have students draw informal plans for real purposes, such as laying out a
vegetable garden, the arrangement of desks for parent day, the set-up for
circuit activities, or the booths for a fun fair. Give them opportunities to draft
and redraft their plans if they wish. Have others try to interpret the plans with
the help of the author of the plan. Base the actual arrangement on one or
more of the students’ plans.
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Sample Learning Activities

Grades 3-5: * & Important Focus

Classroom Plans

Invite students to make a bird’s-eye view map of the classroom, imagining they
are a fly on the ceiling or a miniature person on the light fixture. Compare
positions on their plans to the real positions. Ask: How far is your desk or the
bookcase from the door? Is it the same on your map? When you sit at your
desk, in which direction is the teacher’s table? Is it the same on your map?
How can you check?

Classroom Arrangements 1

Extend Classroom Arrangements, page 56, by having students use the furniture
cut-outs to produce a plan for a different classroom arrangement. Draw around
the cut-outs and display the plan. Mix up the furniture and ask students to
use it to reproduce the plan. Ask: How did you decide how close to put those
desks? Which way does the bookcase have to face?

Classroom Arrangements 2

Extend Classroom Arrangements 1, above, by inviting students to draw their
own plans to show how they would like the desks in the classroom to be
arranged. Take turns for groups of students to rearrange the desk cut-outs
according to the plans. Follow up with a class discussion. Ask: What made some
plans easy to follow? What caused difficulties?

Classroom Arrangements 3

Extend Classroom Arrangements 2, above, by having students draw classroom
plans for special purposes. Ask: How should we arrange the desks to display
work for parents’ night (a parent lunch, drama activities, a visiting class)?
Consider and discuss the practical requirements before planning. For example,
for parents’ night, space is needed for people to come through the door and move
around without crowding in one place. Use a student’s plan to rearrange the
furniture for those purposes.

Aerial View

Extend Aerial View, page 56, by cleaning off the aerial photo and pinning a
large sheet of tracing paper over it. Over time, have students trace roads,
buildings, and fixed features, labelling as they go. When they have completed
this, remove the tracing paper and compare it to a local road map of the area.
Ask: What have we included in the class plan that is missing on the street
map? How are they the same? How are they different?
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Grades 3-5: * % Important Focus

School Layout

Provide an unlabelled plan of the school buildings with only the classroom
and one or two main features labelled. Help orient students to the layout
outside their classroom door (e.g., by making sure they are facing the office with
the plans correctly oriented), then have them move around the school in pairs,
labelling the classrooms. Encourage students to compare their labelled plans and,
as a class, transfer the information to a large copy of the plan. Pair any students
who have conflicting information and have them recheck the rooms. Ask: How
do you know that classroom is next to ours on the plan? (See Case Study 2, page
63.)

Visits

After a visit to the museum or zoo, invite students to recreate a plan of the
layout from memory, visualizing the different arrangements of the exhibits.
When they finish, ask them to compare maps with a partner. Encourage them
to make a new map, combining their memories of the position and orientation
of the layout. As a class, combine features of the individual maps into one
large map. Ask: What do you remember that can help us decide which way the
shop was facing? Can you imagine standing outside the snake exhibit and
looking around? What could you see?

Dolls’ Rooms

Following Dolls” Rooms, Mixed Up Dolls” Rooms, and Remaking Doll’s Rooms,
page 54, invite students to use doll-house furniture, or other suitable classroom
materials, to display on a sheet of paper the rooms in their home. Encourage
students to draw the walls and doors on the paper, using their informal sense
of scale. Have students draw top-view plans of their models and display them
on the bulletin board without naming them. Take photos of students” models
from different angles. Invite students to match the photos with the plans.
Ask: What clues did you use to make the match?
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Ideal Playgrounds

Invite students to draw an informal plan of their ideal playground. Encourage
them to consider which pieces of equipment they would like to include and
where each needs to be in relation to the others, and to the boundary of the play
area. Ask: How do you know the slide has enough space at the end for students
to get off safely? How do you know there is enough space in the area for all of
the pieces you want? Compare their ideas to the actual school play area using
students’ intuitive sense of scale. Ask: Is the space for the monkey bars in the
school playground bigger than the space for the swings in the school playground?
What about on your plan?

Real Plans

Extend Real Plans, page 56, by focusing on the overall orientation of students’
plans to boundaries. Ask: How have you shown where your arrangement is?
How will the vegetable garden fit in the schoolyard? How have you shown
where the fun-fair stalls will be in relation to the school buildings? Have
students display their plans and then ask the class to choose which one they
want to use, giving reasons for their choice.

Shopping Centre

Have students list all the different types of shops they might find in a shopping
centre. Then invite them to design a shopping centre themselves, ensuring the
shops are all accessible and that the size of the different shops “look right.”
When they are finished, have them draw a grid on the plan and use grid
references to show where to find different shops.

Architects and Builders

Following activities like Shopping Centre, above, invite an architect or builder
to visit the class, bring in plans, and talk about how such plans are produced
and used in real life. Focus on how the rooms or shops are arranged. Encourage
students to find out how the builder knows where to begin and which way the
buildings will face.

Design a Shopping Centre

Build on Shopping Centre and Architects and Builders, above, by having students
draw plans for a model shopping centre or village of their own, using the class
collection of boxes and cartons for buildings. Encourage students to use their
plan to show how the buildings are arranged and where they are in relation to
where they will be built (e.g., on a desk in a corner). After they use their plans
to complete the buildings, ask: How useful were your plans for placing the
buildings? Did you need to change the plans to make some buildings fit? Why?
What would you do differently next time you draw a plan?
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Sample Learning Activities

Grades 5-8: * & Important Focus

Circuit

Invite students to design a physical education circuit and draw a plan showing
the position of equipment, starting point, and order of activities. Ask: How can
you show how far apart to place the equipment? Would arrows and measurements
help? How can you show direction and where the starting point is in relation to
the school building? Would looking at other maps and plans help? If you are
going to set up the equipment from the plan, what will you need to do first?
Why?

Classroom Arrangements

Extend Classroom Arrangements, page 57, by helping students use a simple
10 cm = 1 m scale to draw and cut out their desk and chair from card stock. (This
is useful as a first scale because 1 mm = 1 cm. Students can construct a “scale
ruler” by renaming decimetres and millimetres as metres and centimetres on a
normal ruler, or they can create one on card stock.) On a bulletin board, draw
a scaled outline of the classroom floor, showing placement of doors and windows.
Invite students to pin their desk and chair to the plan in the correct position
and orientation to classroom walls. Ask: How did you decide where your desk
should be? Invite students to make cut-outs of the other furniture in the
classroom and place it on the plan. When all the furniture cut-outs are on the
plan, help students to check that distances between furniture and the angles of
placement are correct and to scale. Ask: If the space between the teacher’s
desk and the wall is 1 m 25 c¢cm, how much should it be on the plan? How much
is the desk “turned” to be sticking out at that angle from the wall?

Rearranging the Classroom

Extend Classroom Arrangements, above, by having students use the bulletin
board plan to design classroom arrangements of their own and for special
purposes, such as parents’ night, a parent lunch, an evening social event, or
drama activities. When they are satisfied with their arrangements, have them
trace or copy the plans onto a large sheet of centimetre grid paper and keep it
to use as a guide for rearranging the furniture for those occasions. Ask: What did
you need to think about when you copied the plan?

House Plan

Enlarge a house plan (that includes the layout of furniture) from a newspaper
housing section, and give copies to each student. Invite students to decide
what each of the shapes on the plan represent. Ask them to colour the floor to
contrast with the furniture. Ask: How did you know which sections were floor and
which were not? Is it possible to put the furniture in different positions in the
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rooms? How do you know if it will fit? Encourage students to trace the floor plan
and draw in new arrangements.

Rearranging the House

Extend House Plan, above, to include the use of scale information to work out
arrangements of furniture. Help students to use measurement to determine
scale information on the house plan and work out if new arrangements of
furniture will fit. (Many house plans reproduced in newspapers use a scale
of between 0.5 cm and 1 cm to 1 m. Students can use the known width of a
hallway or bedroom to help determine a rough scale.) Ask: About how much
room is needed between the bed and the door? Will there be enough room to
move the chair back from the table? (If students are not confident with using
measurements to help determine scale, have them continue to use their intuitive
sense of scale. Ask: Does it “look right”? Does the distance between the door
and the desk look as much as the width of the bed? Would that give you enough
room to move your chair out in real life, do you think?)

Aerial View

Extend Aerial View, page 56. After tracing the aerial photograph and comparing
it to a local road map of the area, obtain a copy of a survey plan for the area
and compare it to the other two maps. Ask: What do all of these maps have in
common? What features are different? What are the purposes for the road map?
What are the purposes for the survey plan? How are they different? What
reference system does each map use? How do you know where the area is in
relation to the rest of the city or region?

Real Plans

Extend Real Plans, page 59, by having students use scale (formal or informal
according to each student’s current skills) to show the appropriate placement
and distance from boundaries for the various plans. Encourage them to use
compass directions or grid references as appropriate to convey position and
the orientation to the larger area or boundaries. Use student plans for the given
purposes. Ask: How useful were the plans?

Changing the Scale

Have students try redrawing simple plans and changing the scale. For example,
provide house plans from the newspaper drawn in 5 mm = 1 m scale and ask
students to draw a larger scale version, such as 2 cm =1 m, or 4 cm =1 m. Ask:
How big will the sheet of paper need to be for the new plan? What kinds of
things do you need to think about when converting to a larger scale? What
about the width of the walls? Why might you be able to show more detail on the
larger scale plan than on the smallest scale plan? How could a protractor help
you make your plan accurate?
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Grades 5-8: * & Important Focus

Shopping Centre

Extend Shopping Centre, page 59, by inviting students to use their knowledge
of scale to draw a plan of a shopping centre. Have them use a local road map
to decide where their shopping centre will be and encourage them to include
a site plan that shows the surrounding buildings and parking area and to use
actual directions from the road map to indicate compass directions on their
plan. Ask: How did you work out which way your shopping centre would face?
What measurements did you take to decide on the size of the parking spots
and the entry roads? What problems did you find when you were drawing your
plan?

Entries and Exits

Compare and discuss how overall position and orientation has been estab-
lished on plans such as seating plans for an entertainment venue, a fire escape
plan for a hotel, a layout of a local shopping centre, or the museum. Ask: How
would you know where to enter or exit? How could you find where your seat
might be? How have they shown how the building is positioned in the larger
area?

Plans on Computer

Use design or architect software to help draw plans for a range of purposes, such
as model towns or layouts for the annual fun fair or playground equipment.
Ask: How do you get the program to show the distance and direction you want
on the plan? How does the program make it easier for you to draw plans than
doing it by hand? What information and measurements would you need to
have before you could use the program to draw a plan?
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CASE STUDY 2

Sample Learning Activity: Grades 3-5—School Layout, page 58

Key Understanding 3: Plans show the placement and relative size of
things from a top view.

Working Towards: The end of the Describing phase

MOTIVATION AND PURPOSE

My class of Grade 3 students had just moved from a portable to the U-shaped
block of the main school building. My students had been practising giving and
receiving oral directions to move around their “environment,” and I decided
to use a “getting to know your building” activity to develop some ideas about
plans and how they can be interpreted.

CONNECTION AND CHALLENGE

Students were given the floor plan below, with only the office and their own
classroom (room 1) indicated. (Rooms are numbered in sequence around the U,
with room 5 being the library, and room 6 the music room.)

Office Room 1
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Many students initially
have difficulty
understanding the
conventional bird’s-eye
view used in plans and
maps. Much of this
understanding is
developed in Social
Studies, but
mathematical
understanding is
embedded in the
interpretation of scale
and arrangement in
such plans.

Students can often
correctly interpret
quite complicated
plans simply by using
cues like shape and
colour to match the
parts of the plan to
their real world
counterparts, and do
not need to attend to
the position of things.
Plans like this one,
which include a
number of locations
that look identical,
force students to rely
on these positional
relationships.
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I told them they could move around the building however they wished, but
on each of the rooms on their plan I asked them to write the corresponding room
number and the teacher or room’s name. (These numbers and names were
displayed on each door.) To get them started, I made sure they were all facing
the office with their plans correctly oriented, and checked that they could
point to where they were standing on their plan. I also made sure they could
point to the office both on their plan and in real space. Students moved off to
carry out their task while I observed their strategies.

I was really surprised how few students understood that the placement of
rooms on the plan had to reflect the order and relative position of rooms in the
building block. For example, Carmen ran diagonally across the playground to
room 7, her brother’s room, then labelled room 7 next to our room 1. She
continued to label adjacent rooms on the plan in the order in which she visited
the rooms, even though none were visited in that sequence. A number of
students used this strategy.

Aaron correctly numbered the rooms along the first wing, but missed labelling
two rooms next to the office because the doors were in another hallway. Instead
he carried on labelling the rest of the rooms on his plan in numerical order, but
came to me worried that he'd run out of places on his plan for rooms 10 and 11,
the last two rooms on the second wing (see below).

5 6 7 8 9
|
Office 4 3 2 Room 1
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Many other students produced unique room sequences that had some personal
significance to them, but little relationship to the actual order of the rooms.
When I questioned students, I found that they did know that the rectangles
represented the individual rooms and could point to where the doors and the
hallways were shown on the plan. However, many did not see the significance
of the position and order of the rooms. I realized that I needed to focus
explicitly on this with students in order to make progress.

CHALLENGING EXISTING IDEAS

Back in the classroom, I produced a larger version of the blank plan of the
school block and asked students to look at their plans so they could help me
label the plan. In working through this process with them, I was able to use
language I knew they understood about locations in the real world to draw
out the corresponding relationships in the placement of the rooms on the map.
I also asked pairs of students with conflicting plans to go and check on the
actual placement of rooms and report back. For example:

“Point to the room on the plan which is next to our room. Whose room is
really next to our room. Irah, go next door with Sean and check the room
number.”

“Well, it's room 2, so what must we write on the room next to ours on
the plan?”

“Where is the office on our plan? Which two rooms is the office between?
Katie has it between 2 and 8, Angie has it between 4 and 10 and Corrie has
it between 4 and 5! Well, I think the three of you can go and see which two
rooms it really is between.”

After a little time, they were able to match locations on the plan to the
arrangement of rooms in the school block, and I was satisfied that students were
beginning to understand the relationships between locations shown on the
plan.

OPPORTUNITY TO PRACTISE

The next day, I removed the plan and gave the students a new blank plan each.
I asked them to draw a path from room 1, visiting at least four other locations
before returning to our room again, without writing any of the room numbers
on their plan. They had to secretly list their four locations in the order they were
visited on a separate piece of paper. Students paired up and swapped plans, then
tried to follow their partner’s plan, listing the locations visited in their correct
order. Together, they then wrote in the room numbers on the plans and compared
their lists of locations with their partner’s secret list. Pairs tried to identify
reasons for any discrepancies and shared their opinions with the class.
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It is quite a mental
feat to orient oneself
to locations and
direction in a plan or
map. It requires
relationships between
size, shape, and angle
to be understood. That
is, when shape is
maintained and only
size changed, the
angles are identical to
the original; therefore
relative position and
direction are
maintained in a scale
plan or map, even
though the sizes have
been greatly reduced.
Students in primary
and junior grades do
not yet understand
these relationships,
but can develop an
intuitive
understanding about
the consistencies
between positional
relationships in plans
and the environment,
using their everyday
language of position:
“next to,” “behind,”
“in front of,”
“between,” and so on.
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Chapter 3

Represent Shape

Visualize, draw, and model shapes.

Overall Description

Students recognize shapes in different orientations, sections, and diagrams.
Thus, they can predict the different shapes of the faces produced when a
carrot is cut in different ways, how an object will look if the viewer walks
around it, and whether a particular net will fold up to make a planned
container. In drawing shapes and spaces, they use a range of the mathematical
techniques available to show 3-D things in 2-D form. These include, for
example, using ellipses to represent circles, showing things farther away as
smaller, and using dots to indicate lines that cannot be seen but must be
there. They can also compare these different forms of representation and
choose appropriately from among them. They construct full-size and scale
models of places and structures; for example, they may use junk equipment
to build a model of their local community centre, produce a careful scale
drawing of their classroom, or plan a net to make a container to hold three
tennis balls.
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BACKGROUND NOTES

A polyhedron is an object with faces that are
polygons, or closed figures.

When we draw any object we have the choice of drawing it “flat”(2-D) or as
a “solid” (3-D), and our choice will be determined by our purpose. Perspective,
oblique, and isometric drawings are three common forms of representation
which, to varying degrees, “look like” 3-D objects to us. In addition, front,
back, and side views and exploded drawings look like the objects from
particular “perpendicular” orientations.

We use perspective drawings when we want our drawing to look realistic.
Perspective drawings look like what you would get if you took a photograph
of an object and then traced along the edges. The opposite edges of a cube
that recede are not drawn parallel, the edges may not all be the same length,
and the angles may not be right angles, but the cube will still “look right.”
Students should investigate how we make things “look right,” considering,
for example, drawing ellipses for circles and trapezoids for rectangles, and
lines coming closer to represent distance.

We use oblique and isometric drawings to draw 3-D pictures of objects when
the scale of the sides matters—in schematic diagrams used for construction,
for example. Oblique drawings have one face of the object positioned at the
“front” so that the shape and angles of this face are the same as the object and
the lengths of the edges of this face are to scale. Two other faces are drawn
at a 45° angle to this front face, with each maintaining parallelism where
it exists in the object being drawn.

Isometric drawings have an edge positioned towards the “front” of the drawing.
Three faces are drawn with the length of all edges to scale and parallelism
maintained. However, the shapes of these faces and the angles are not the
same as on the object; for example, parallelograms are used to represent
square and rectangular faces.

Perspective drawings et
“-.__ (with construction lines) _.--"-7.-" ‘

- _ ~ - - . ’
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We use exploded, or orthographic, drawings to draw 2-D pictures of the
front, back, and side views of 3-D objects to provide three different viewpoints
of the one object. Constructing models from these diagrams will help students
to learn how to draw them even when they cannot see all three different
viewpoints.

Special geometric techniques for constructing 2-D figures are generally
taught in the secondary grades; during the later elementary grades, however,
students should be assisted to develop skill and precision in drawing figures
and objects, including by using protractors, compasses, and other geometric
equipment such as Miras.
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Represent Shape:
Key Understandings Overview

Teachers will need to plan learning experiences that include and develop
the following Key Understandings (KU), which underpin achievement of
this concept. The learning experiences should connect to students’ current
knowledge and understandings rather than to their grade level.

KU1 When we copy and make figures and objects, we need to
think about how the whole thing looks and about how the
parts relate to each other and to the whole.

KU2 The net of an object has to have the same component parts
as the object, and the parts have to be in the correct
relationship to each other.

KU3 To understand drawings of objects, we need to
combine what we can actually see with what we
think is there. Special drawing techniques
emphasize different aspects of an object.
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K-3 | 3-5 5-8

*kk [ KKk *k K-Grade 3, page 74
Grades 3-5, page 77
Grades 5-8, page 80

*k *h [k K-Grade 3, page 88
Grades 3-5, page 90
Grades 5-8, page 92

Kk x| rkx K-Grade 3, page 100
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Grades 3-5, page 103
Grades 5-8, page 106

* Kk *

Major Focus

The development of this Key
Understanding is a major focus
of planned activities.

Important Focus

The development of this Key
Understanding is an important
focus of planned activities.

Introduction, Consolidation,
or Extension

Some activities may be planned
to introduce this Key
Understanding, to consolidate
it, or to extend its application.
The idea may also arise
incidentally in conversations
and routines that occur in the
classroom.
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When we copy and make figures and objects, we need to think
about how the whole thing looks and about how the parts
relate to each other and to the whole.

We often make models of things that only represent certain features of the
original object. A stage setting looks “right” from some directions but not
others; a model airplane built to be tested in a wind tunnel is different from
one built to show the interior design, and both look different from the “real”
plane. The emphasis within the Geometry and Space strand, and for this
Key Understanding, is in the production of models that preserve shape; that
is, they look the same as the real thing no matter how we view them. A copy
of a 3-D object will be another 3-D object of full or part scale. Similarly, a copy
of a 2-D figure will be another 2-D figure of full or part scale.

As described in Key Understanding 4 of Reason Geometrically on page
210, we initially recognize figures and objects by what they look like as a
whole, just as we recognize people’s faces. As for faces, in order to make
recognizable copies, we need to be able to focus on the component parts,
the “spatial features.” Young students drawing a triangle will often draw a
continuous curve as they would a circle, but containing corners. In order to
draw a triangle, students need to see that the edges are always straight, that
there are always three of them, and that they are arranged in relation to
each other in a particular way. Thus, to produce a triangle means to produce
three straight edges that touch end-to-end to form a closed shape. To
reproduce a particular triangle means to produce a triangle with specified
side and angle measurements. To produce a scaled version of a particular
triangle means to produce a triangle of the same shape but most often of
different size.

In producing a shape or structure, simple or complex, 2-D or 3-D, students
must:

e “see” the component parts of the whole thing

e produce each component part (in the correct shape and size, either full
or scaled) and

e put them together in the correct relationship to each other and
the whole thing (in the correct proximity and orientation to
each other)
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In the early years, students build quite complex structures to model their
environment, but they do so by arranging ready-made pieces, such as
off-cuts of wood, boxes, paper cylinders, twigs, and packing foam. As they
progress, they see a need for more precision, and the emphasis shifts to
constructing component shapes for particular purposes. Students will need
many opportunities to make standard 3-D objects. Although the product
may appear less complex, the task may be considerably more difficult, since
it is easier to make a tower by stacking cardboard boxes and cylinders than
it is to make a box from a sheet of paper. Students need to analyze the
component parts that form the object—their shape, size, and placement,
considering how the components fit and hold together. They will need to
learn from their mistakes by observing what goes wrong when insufficient
attention is paid to details of shape, size, and placement.

Links to the Phases

Phase Students who are through this phase. . .

Recognizing " recognize and attend to the shape of things in their drawings
For example: Students may draw squares that have four roughly
equal sides that “more or less” meet and circles that show a
continuous closed curve and no deliberate corners.

Describing Il can copy pictures composed of geometric shapes (e.g., a table
setting) so that the main components are recognizable in shape,
position, and orientation

I can recognize 2-D figures as the faces of a given 3-D object

Analyzing I make standard 3-D shapes in solid (clay), skeletal (straws), and
hollow (paper) forms and compare these forms
I attend to shape, structure, and scale in making recognizable
models of things (e.g., a television set, a soccer field)

Relating I attend to essential details when constructing figures and objects,
match lengths and angles to make copies of 3-D geometric shapes,
and combine them to make complex structures
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Sample Learning Activities

K-Grade 3: % % Major Focus

Junk Box

Invite students to handle objects (e.g., toy vehicles, houses, animal cages,
animals, telephones) and say what packages and containers from their junk
box could be used to make a model of the object. Focus students on the parts,
such as the neck of a giraffe, by asking: Which object could be used to make this
part of the giraffe? Where will this attach to the rectangular tissue box that you
have chosen for the body?
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Vehicles

Have students reproduce simple diagrams from a mixed collection of 2-D shapes.
For example, show them pictures of vehicles (or animals, houses, trees) from a
“big book” and invite them to select the shapes they need to make copies of the
vehicles (or animals, houses, trees). Ask: Is that a circle or an ellipse shape you
can see there for the wheel? What other shapes will you need to collect? Which
shape best matches the back of the truck? (See Case Study 1, page 83.)

Copy a Prism

Provide each student with rectangular prisms (either boxes or blocks) and a
collection of 2-D figures cut out of card stock. Ask: Which shapes will you need
to copy your prism? Encourage students to match the faces of their prism with
card shapes as a way of finding out which shapes they will need. Ask: What
shape is at each end of your prism? Can you find a shape just like that one? What
do you need to look for?

Build a Picture

Organize students into pairs. Invite each student to build a picture with Pattern
Blocks and then draw their partner’s picture on paper. Ask them to check one
another’s pictures to see that the shapes in the picture are drawn correctly
(e.g., the triangles have three straight sides that meet, the squares have four
sides that meet at the corners). Encourage them to check if the shapes are in
the correct positions. Ask: Is the triangle really that close to the square?

Copying a Bike

Give students ready-made 3-D shapes to construct copies or models of objects
around the classroom or playground. Ask: If I was going make a model of the
bike, what objects would I need to get? How could you arrange them to look like
the bike?
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Simple Machines

Provide a collection of simple machines (e.g., can opener, corkscrew, pulley, bike)
and invite students to describe the shapes of the component parts and how they
move. Have recycled material available and ask: What could you use for this part?
What could we use to make this part move up and down? Would this shape be
any good? Why? Why not?

Finding 2-D in 3-D

Have students look for “flat” (2-D) figures within structures (3-D objects) they
have made. Provide them with a variety of materials (e.g., craft sticks, straws)
to make structures (e.g., bridges, playground equipment, cages). Focus students
on the 2-D shapes created by the straws and how these shapes fit together to
make the whole object. Ask: What “flat” shapes can you see that go together
to make your bridge?

Buildings

Invite students to make clay or playdough models of buildings. Focus on the
faces of the shape. Ask: Has anyone found a way of making the sides of the
house look right? Is it okay to have the sides of your house bulging? Do the
corners need to be straight? As a class, make a list of the different-shaped
roofs students have seen. Ask: Which shaped roofs would be the best to have
in heavy rain or snow? Why?

Shape Bingo

Invite each student to select a 3-D object (e.g., cylinder, triangular prism,
rectangular prism) and a small piece of playdough. Choose one student to be
the caller and give them a box of small cards with 2-D figures drawn on them
(e.g., rectangles, circles, triangles). Have the caller take out a card and call out
the shape that is on it. Encourage the rest of the students to respond by
looking for that shape on their chosen object. If they have that shape, have
them attach a piece of playdough to it, and when all of the faces on their
object are marked, call out “Bingo!”
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K-Grade 3: % % % Major Focus

Circles and Triangles

Provide students with a number of identical circles and equilateral triangles,
either Attribute Blocks or figures made from card. Brainstorm the pictures that
can be made using only these two figures (e.g., ice cream in a cone, a clown'’s
head, a bow tie, a cat’s face with ears). Display the pictures and have students
make them, using their circles and triangles. Ask: Why do all the pictures look
different even though they have the same shapes?
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Toothpick Figures
Show students triangle figures, rectangle figures, semicircle figures, and heart
figures and ask: Which of these can be made from toothpicks? How do you

know? Use toothpicks to make the figures. Ask: Why can you make some figures
with toothpicks and not others?
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Sample Learning Activities

Grades 3-5: * & Important Focus

Tangrams

Invite students to create and glue a picture made from tangrams onto card.
Have them trace the outline of the picture onto a sheet of paper and swap
their outline with another student. Encourage them to use a second set of
tangram shapes to recreate their partner’s picture. Ask: What shape could
(could not) possibly fit into this space?

Freehand Drawings

Invite students to make freehand drawings of pictures composed of simple
shapes, such as a shape drawing of a dog. Ask: What shapes did you see in
the picture? Are the triangle legs in your diagram in the same place as in the

picture? How do you know? Are the other shapes drawn in the same place as the
shapes in the picture?

Simple Machines

Show students a collection of simple machines (e.g., can opener, corkscrew,
pulley, bike, transformers) with moving parts. Ask them to describe the shapes
of the component parts and how they move. Invite them to suggest recycled
materials that could be used for each part. Ask: What shape could be used to
make this part move up and down? Why wouldn’t this object work?
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Grades 3-5: * & Important Focus

Baskets

Show students a range of paper basket styles already constructed and invite
them to describe the parts and their shapes. Have students choose a basket
to copy by folding card or paper, cutting, scoring, and joining parts. Ask: What
parts did you see in the basket you were copying? How did you make that part
out of card? How did you know where to put it in your model?
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Models

Have students work in small groups to make models of toys or structures. For
example, invite them to make a model of a bicycle (or a space station) using clay,
straws, and paper. Ask: Which material best suits each part of the model? Would
clay, paper, or straws be best to make the bike seat? What would be best to use
to make the frame? What materials could you use for the wheels? How is the

shape (size, placement) of the parts influenced by the material? (solid, skeletal,
hollow)

Make a Ramp

Have students consider how appropriate various materials are for making 3-D
objects for a given purpose. For example, invite them to make a triangular
prism that could be used for a ramp (roof frame, tent). Ask: Why did you choose
this to make the ramp (frame, tent)? Does it suit what the ramp (frame, tent)
will be used for?

Hollow Models

Have a group of students use paper or card to make hollow models of a structure
(e.g., house, bridge, tower) and objects (e.g., tricycle, teddy bear, chair) in
their environment. Invite them to identify the 3-D shapes that go together to
make up their structure or object and decide on ways to fold, cut, and join the
materials to construct those parts. Have each student in the group make one part
and then put the parts together to make the object or structure. Ask: What
3-D shapes do you need to make? How can you cut or fold to make the shape
that you need?
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Function of Shapes

Have students investigate the function of shapes within structures in the
environment. Invite them to use materials such as craft sticks (straws) to make
models of real bridges, playground equipment, buildings, and simple machines
(e.g., can opener, corkscrew, pulley, bike). Focus students on the 2-D shapes
created by the craft sticks (straws) and how these shapes fit together to make
the whole structure. Ask: Are there some shapes that are stronger than other
shapes? How do you know? Help students identify and investigate the use of the
strongest shaped components in structures in the environment.

Boxes

Provide a single sheet of coloured paper and challenge students to make
a container without a lid that they could use for a purpose they choose.
When they have finished, invite them to swap containers with a partner
and challenge them to make another container that is identical to their partner’s.
Ask: What did you need to think about when making your container?
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Sample Learning Activities

Grades 5-8: * % Important Focus

Polyhedrons

Give students a range of polyhedrons (e.g., cube, square, pyramid, tetrahedron)
to examine to make sets of polyhedrons for other classes. Invite them to choose
from a selection of materials (e.g., playdough, straws, cardboard). Invite
students to share and solve construction problems related to attaching the
component parts. Ask: What part of the shape do you need to focus on when you
are using straws (playdough, cardboard)? Which features of the objects are
highlighted by the different materials? Why aren’t the corners fitting quite
right? Is it the lengths of the sides or angles that need checking?
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Solar House

When copying a solar-efficient house or other 3-D models, encourage students
to decide which components can be made from junk materials and which
components will actually have to be constructed. Ask: If an upturned tissue
box is used as the base of the house, what will be the shape and dimensions for
the roof?

Soma Cube

Invite students to use interlocking cubes to copy and construct the seven
component parts of a 3 x 3 x 3 cube known as a soma cube. Students may
choose to make each of the soma shapes with a different colour of cube. Check
to see that all the component parts have been made correctly by using the
completed components to construct the cube. Ask: How do you know where to
place each of the blocks (each of the pieces)? If you turn the piece, will it fit?

3 %
5
The seven soma shapes—all the possible irregular A soma cube puzzle
solids formed by joining no more than four cubes. almost completed.
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Replicas

Have students produce replicas of artworks by identifying shapes within the
picture as a guide to how to draw the replica. Invite them to explain how they
produced each feature of the drawing in terms of the shapes identified and
the way they positioned and oriented the shapes. Ask: How did you know
to place the rectangle in that position? Why have you used ellipses instead
of circles for the wheels?

Box for Big Books

Give students small pamphlet boxes to examine.
Ask: What parts are put together to make these
boxes? Invite them to design a similar box to hold
“big books.” Encourage students to explain how
they enlarged their box so the big books would
fit. Have students decide whether the larger box is “‘mws

functional. Ask: Is the box strong enough? Is it

stable? Are there any changes you need to make to

your box? /

Models

Provide students with card and thin dowels to construct miniature playground
equipment. First have them investigate the playground and consider what they
should make from card and what from the dowels. Ask: What shaped pieces of
card might you use to make the slide? How could you put the tunnel pieces
together?

More Polyhedrons

Have students explore different aspects of polyhedrons. For example, ask
students to choose one polyhedron and make three models of it: a skeleton
model (dowels or straws), a solid model (clay), and a hollow model (cardboard).
Ask: What did you need to focus on to make each type of model? What is
different?

Containers

Challenge students to use a single sheet of paper to make a container without
a lid for a purpose of their choice. After they have made the container, encourage
them to draw a net or diagram that gives sufficient information for someone else
to build the same container. Hide the container and have another person try to
build the container from the instructions. Compare the new container with the
original and talk about how and why they are different. Ask: What do you need
to change to make the container look the same?
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Grades 5-8: * & Important Focus

Diorama
Invite students to use balsa wood to make miniature buildings and vehicles
5 for a diorama. Have them plan in advance the parts they will need before they
3 begin to cut out and glue the components together. Ask: What do you need
to think about to plan your models? What size should the figures be that are in
g_ the foreground (background)? How can you place the figures to give a sense of
o] distance?
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CASE STUDY 1

Sample Learning Activity: K-Grade 3—Vehicles, page 74

Key Understanding 1: When we copy and make figures and objects,
we need to think about how the whole thing looks and about how the
parts relate to each other and to the whole.

Working Towards: The end of the Emergent phase

MOTIVATION AND PURPOSE

My Grade 1 class had become interested in finding out about different types of
vehicles after reading the big book Toy Town and playing with an assortment of
toy vehicles. I decided to have them build model vehicles and to focus my
students’ thinking on how the whole vehicle looked and the shapes of the
parts.

CONNECTION AND CHALLENGE

As the students looked at the pictures of each of the vehicles, I encouraged them
to talk about how each vehicle moved and what it was used for.

“Do all of the vehicles have wheels? Which do? What shape are wheels?
Are all wheels the same?” I asked.

Jeff said, “The bulldozer hasn't got wheels. It's got long things.”

To this, Zoe replied, “Yes it has, there are those little wheels inside the
long thing.”

This comment surprised most of the students and it seemed to focus them
more on other parts within parts, such as lights and gear levers.

I then moved the children’s attention to a collection of toy vehicles.
I wanted the students to think about the shapes on them and how they related
to each other to make up the whole vehicle, so I pointed to the toy tractor and
asked, “What figures do you see? Does it have the same sorts of shapes as the
tractor? What shape are the wheels? How are the front wheels different from the
back wheels?”

They looked at how round shapes were used on the different vehicles. To
connect their understanding of this with their choices of materials, I asked
them to sort through the materials to find all the things that could be used for
“round things, like wheels.”
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Following this lesson, I
decided to provide the
students with the
challenge of drawing a
plan of their models
for another student to
use to construct the
same vehicle.

84

I then went back to the toy vehicles and the picture book to find the other
shapes commonly used. I decided that the shape of the bus was a good place
to start, so asked, “What shape is the bus? Why is this a good shape to use for
the bus? What other vehicles use this shape?”

Several students pointed to the doors and windows on the different vehicles, but
they seemed to have difficulty identifying other rectangles. It occurred to
me that the sections of vehicles that I was seeing as rectangles, the students
were not, because they were part of the whole body work of the vehicles.

I pointed to the front section of a car and said, “I think that the front section
of this car is like a rectangle, and the middle section is like another rectangle,
and the back part of the car is another rectangle. You could make
a model of this car by using three different-sized rectangles.”

With this, some students realized that they could look at the parts of the
vehicles and “see” for themselves different rectangular shapes. I then asked
them to decide which vehicle they would like to make and to choose from the
range of packages and containers from the classroom junk box. I asked them to
think about which packages would be the correct shapes for the different parts
of the various vehicles.

ACTION AND REFLECTION

As each student began to make his or her own model, I circulated and talked to
individual students about their choice and arrangement of the component
shapes.

I asked, for example, “Where will you put the wheels for the airplane? What
will you use to make the wings? Which box would be the best shape to use for
the wings?” to focus the children’s thinking on how the components fit together
to make the whole.

After several days, when the models had dried, each student covered their
construction with paper squares, then painted it, allowing it to dry at each
stage. Before they marked the windows and doors, I referred the class back to
the toy vehicles, focusing this time on the shapes of these features and their
positions in relation to the main components of the vehicle. I asked questions
like, “If you wanted to draw the door, what would you have to think about? What
shape is it?”
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Colloquially, concepts such as “triangle” or “cone” are sometimes referred
to as “shapes,” as are the physical models of triangles and cones (“put the
shapes into the box” or “cut out some shapes”).

Using the word “shape” to describe both the property of the thing and the
thing itself can cause confusion. Asking students to “describe the shape
of this shape” highlights one problem. The other problem is that students
have to be able to think of “all rectangles” as being “the same shape,”
while mathematically speaking all rectangles are not the same shape.
This same ambiguity, of course, exists with colours (we say pass me the
“colours” and so could have to ask “what colour is that colour”; blue is “a
colour” but all blues are not the same colour). This appears to cause few
problems with colour, perhaps due to familiarity and context.

Learning geometrical ideas, however, relies on students developing the
precise mathematical meaning for “same shape.” That is, two figures are
the “same shape” if and only if one is a scaled version of the other, so that
all matching angles are the same size, and all matching edges are in the
same proportion. Students who think that all rectangles have the same
shape may have difficulty with the more correct meaning of “same shape.”
For older students, we should discuss this colloquial dual use explicitly,
perhaps by comparison with the use of the word “colour.”

We recommend, however, that teachers avoid that usage themselves and
model for students the more helpful convention of calling 2-D things
“figures” and 3-D things “objects.” Using this informal convention, a
circle is a figure but a sphere is an object. We would refer to triangles as
figures and also to templates or models of triangles as figures. A tree is
an object, but any of the cross sections of the trunk or the front surfaces
of leaves are called figures, as are pictures of trees.
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The net of an object has to have the same component parts as
the object, and the parts have to be in the correct relationship
to each other.

A net is one of the special techniques we use for producing objects. It is
composed of figures arranged in a particular flat configuration. The
arrangement of these figures does not exactly match the arrangement on the
object to be made, as some faces may be some distance from each other. This
arrangement is such that when we fold it, all the parts will come together in
the correct relationship.

Students may initially draw nets by focusing on one or two salient features
of the object they want to make. Thus, their net of a cube or a rectangular
prism may show one or two squares or rectangles connected in some way.
Later they begin to recognize that a number of figures go together to form the
net of an object and so draw a number of figures connected, but not necessarily
the correct number or connected in the correct positions. They might omit,
for example, the top square of a cube. Through considerable experience that
focuses upon the component parts of a shape and how they fit together,
students learn that the net of any given object will need:

e figures of the correct shape and size
® in the correct number and
e in the correct position relative to each other.

By Grade 7 or 8 or the early secondary grades, students should be able to
match provided nets to actual objects and to make their own nets for 3-D
objects. To achieve this, activities will need to begin as early as pre-school and
Grade 1. As indicated in Key Understanding 1 on page 72, students need
to learn to “see” the 2-D figures in the 3-D objects. Activities that involve the
students in investigating which 2-D figures go together to make a particular
prism or pyramid and how these figures are connected to each other will help
them to begin to see the parts that make up the whole object. For example,
asking students to draw the net of a box and then opening up the box and
comparing how their drawing is different from the actual net. Activities that
involve counting the faces, edges, and vertices of prisms constructed from
commercially drawn nets are useful for some purposes, but they are unlikely
to help students to see how the figures may be arranged (and rearranged) to
make the net of an object.
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Links to the Phases

Phase

Recognizing

Students who are through this phase. . .

are beginning to remember the shape of objects and their
component parts

Describing

can identify the 2-D figures that make up an object

given a simple 3-D object, can list and draw the component faces
and say how many there are of each

can select a suitable paper “net” to make common prisms and
pyramids and predict which of different flattened nets fold to
make particular clearly different 3-D objects

do this largely by ensuring that the net and the object have the
right number and shape of faces

but are still likely to be confused by subtly different nets or by an
arrangement of the faces that will not actually fold to make the
object

Analyzing

can draw around simple objects in order to make suitable nets
can visualize the folding process sufficiently well to say which
of a number of possible nets of a cube or simple prism will
actually fold up to form the cube or prism

Relating

can construct a net for prisms and pyramids, no longer needing a
provided net or the object to copy or trace around

have the capacity to visualize what a net will look like when
folded (or a 3-D shape when unfolded) so that they can predict
which particular figures on a net will become faces on the
resulting object
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Sample Learning Activities

K-Grade 3: % % Important Focus

Open Packages

Have students cut different packages along the edges and open them out.
Display the flat nets and ask students to describe and compare the figures that
form the nets. Ask: How is this figure different from this one? What sort
of box will this net make when it is folded up? Is there another net that will make
the same type of box? Invite students to sort their nets according to the type
of boxes each net will make when it is folded and then ask them to describe their
categories.
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Making 3-D Objects

Invite students to freely construct 3-D objects using materials such as Polydron™.
Provide time for each student to display their structure and say which figures
they used and how they arranged them to create the object. Ask: What figures
did you need to make your object? How did you put them together to make
your object? How is it that you counted five squares on your box, but I can only
see four?

Opening 3-D Objects

Extend Making 3-D Objects, above, by having students carefully open up the
objects to make a net. Encourage them to draw around the net and then remake
the object. Ask: Can you open up your object in a different way and still be able
to put it back together to make the same object? Is there another way still?

Making Nets

Provide groups of students with boxes so that within a group all the boxes are
identical (e.g., toothpaste boxes). Invite students to cut up their box to make
a net. Ask: How are the nets different? How are the nets the same? Could we have
made some different nets?

Matching Nets

Provide students with a range of 3-D objects and the matching range of nets.
Invite them to predict what object each net will fold up to be and then fold to
check. Ask: What part of the net helped you to predict which object it was?

Matching Nets Again

Extend Matching Nets, above, by including nets that will not fold to make some
of the objects. Have students list the name and number of figures on each net
as well as the number of faces on the matching object. Encourage them to fold
the net over the object to see if the faces match. Ask: Which nets match the
object? Which nets do not match the object? Can you explain why it doesn't
match?
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Opening up Boxes
Ask students to open up a box into a net. Invite them then to cut off one face

and place it in another position. Ask: Can your new net be folded to make your
box again? What is the same about the original net and the new net? What is

different? ?
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Sample Learning Activities

Grades 3-5: * & Important Focus

Matching 2-D with 3-D

Provide students with a choice of 3-D objects (e.g., cubes, rectangular prisms,
triangular prisms) and a sheet of paper showing a selection of different 2-D
figures. Invite them to select the 2-D figures needed to cover the 3-D object.
Ask: Why have you chosen this figure for this object? How can you fit the
figures together to make the 3-D object?

Tracing

Provide a collection of objects that differ in shape (e.g., toothpick boxes, dice,
product packages, boxes, pyramids). Invite students to trace around all of the
faces of each object and present the figures to the class. Display the tracings of
the faces (see the diagram for examples). Ask: Which objects have these faces?

JAVAN
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Flattened Boxes

Provide a collection of different cardboard boxes. Have students choose one
of the boxes, trace around each of the faces, and then cut out the shapes.
Ask them to lay out the shapes so that they would remake the box if folded. Have
them find the glued seam, split the box, and flatten it out. Encourage students
to compare the net of the box with the way they laid out the faces. Ask: Is it
the same? If not, how is it different? Does it matter that it is different? Is
there a number of different ways of putting the faces together so that they
could be refolded to make the box?

Predicting 3-D from 2-D

Provide students with a variety of arrangements of figures (some of which are
nets and some of which are not) and a variety of objects (e.g., cubes, rectangular
prisms, triangular prisms). Invite students to predict what object each net will
fold up to be, then ask them to fold to check. Ask: What part of the net helped
you to predict which object it was?
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Envelopes

Have students colour each part of an envelope a different colour, and then
invite them to draw what it would look like unfolded. Once they have done
this, have them unfold the envelope and compare it to their drawing. Ask:
Did the colours help you to see the different parts of the envelope? How did they
help? How are the different figures connected? Which parts of the figures meet?

Pass the Nets

Have students explore how many nets they can make for an object. For example,
invite them to use materials such as Polydron™ to construct a 3-D object. Ask
them to make a list of the pieces they have used, and then swap the list and
the 3-D object with a partner, who uses the list to construct and draw a net of
that object. Ask students to then pass everything (list, object, and net) to
another student, who uses the list to make a net for the object that is different
from the first net. Continue in this way until no more nets can be made for each
object. Ask: How do you know there are no more possible nets? How can you
prove it?

Pentominoes

Have students use five square tiles or paper squares to make as many different
pentominoes as possible. Encourage them to record each different pentomino
by colouring grid paper and cutting out the figures. Invite students to predict
which pentominoes will make a box with no top by visualizing the pentomino
folded up. Ask: What is it about the arrangement of the squares that tells you
that it cannot possibly make a box with no top? Encourage students to test the
predictions by making the box.

Pyramid

Display a model of a square-based pyramid. Invite students to sketch all the
possible nets for a square-based pyramid. Ask: How are they the same? How are
they different?
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Sample Learning Activities

Grades 5-8: * % Major Focus

Shapes

Extend Predicting 3-D from 2-D, page 90, by repeating it but have students
predict by visualizing whether the nets will fold up to make the original object
before they test by folding it. Encourage them to leave the net flat on the desk
and explain to their partner why they think it will fold to make the original
object or why they think it will not. Then invite them to fold to check.

Cereal Container

Invite students to design a container for a new breakfast cereal. Discuss the need
to consider the construction material, the shape of the packaging, design of the
label, and so on. Encourage students to draw the net for their new container and
then make it.
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Mailing Boxes

Invite students to design and make boxes to send specific objects (e.g., a
chocolate bar that is a long triangular prism, a candle shaped like a pyramid)
through the mail. Discuss why they chose particular designs and how they
determined the nets for these designs. (See Case Study 2, page 95.)

Box for Big Books

Extend Box for Big Books, page 81, by asking students to use their perspective
and exploded drawings to design a net for a pamphlet box to hold big books in
their classroom. Ask: How do you know what size to make each of your pieces?
Where does it matter whether the sizes are correct? Which faces absolutely
have to be placed side-by-side?

Number Cube

Provide students with a number cube and a net of a cube. Ask them to place the
numbers on the cube net so that when it is folded the numbers will be in
exactly the same place as on the number cube. Focus students on the position
of the numbers in relation to each other on the number cube. Ask: How can you
be sure the numbers are in the correct spot on your net?

Number “Cubes”

Extend Number Cube, above, by providing number “cubes” in more complex
shapes (e.g., pyramids, prisms) and their nets (See Appendix: Line Master 3).
Have students place the numbers on the net so that when it is folded the
numbers will be in exactly the same place as on the number “cube”. Ask: How
can you get those three numbers to come together at that point? Which numbers
were easy to place? Which ones were more difficult? Why?
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Moving Faces

Invite students to design nets for 3-D objects. Have them cut one face off and
place it in another position. Ask: Will the new arrangement fold to make the
original object? Why? Why not? Encourage students to test their prediction.

Coloured Cube

Give each student a cube with each face a different colour and a collection of
nets. Invite students to visualize where the colours would be on each face of
the net and colour them accordingly. Encourage them to fold the net to check
their predictions. Ask: Which part of the net did you colour first? Does the
order in which you colour matter? Why?

Templates

Have students construct a set of cardboard figures they can use as templates
to produce nets for a number of different polyhedrons. Invite them to examine
some polyhedrons and list the common figures needed for each one. Encourage
them to consider the lengths of the sides of the figures so that the component
parts will fit together. Invite students to compare their sets and say which
polyhedrons they can construct. Ask: What decisions about the dimensions of
the squares and rectangles did you have to make to be able to make both
cubes and rectangular prisms from your figures? Are there other different
objects that can be constructed from the set of figures that you have made?

Solids Game

Extend Templates, above, by organizing students into small groups to play this
game. Have them take turns to roll a number cube and trace around a figure from
their template set that has that number of sides. For example, if they roll a 4,
they might choose their rectangle, rhombus, or square. As they build up their
collection of figures, have them write a list of polyhedrons that can be
constructed from their figures. For example, if they have two triangles and
three rectangles, they could have a triangular prism. The winner is the person
with the most polyhedrons listed. Ask: Was there a figure that enabled you to
construct more polyhedrons than others? If so, what was that figure? Why do
you think you were able to use that one more?
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Grades 5-8: * % % Major Focus

Different Nets

Provide students with a toothpick box, a cardboard cylinder, and a toothpaste
box. Ask students to draw on paper what the objects would look like if they were
unfolded on their desk. Invite them to cut out their nets and fold them to see
if they were correct. Encourage them to make alterations if necessary. Have
students unfold the original objects and compare their drawings to the nets
just made from the original objects. Ask: Do they have to be the same? What is
it that makes a figure a net of an object?
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Folding Nets

Following activities such as Different Nets, above, have students consider where
the tabs should be placed so that the faces can be glued together to form the
original object. Ask: Where did you place the tabs? Why?

Identical Boxes
Have students cut identical boxes in different ways to investigate alternative nets
for the same object. Ask: Which boxes would be the cheapest to produce? Why?

Polyhedrons

When building up a class set of polyhedrons, ask: Can you think of any objects
we do not have? Encourage students to research what these polyhedrons look
like, design the nets on card, and fold them to construct the object.

Message Prism

Ask students to write a word or short message in block letters on the faces of
a prism. Invite them then to design a net with the message on it for a partner
to cut out and use to make a prism and work out what the message was. Ask:
When you were making the net, how did you know where to place the faces?
When you were making the prism from the net, how did you know what object
it might be?
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CASE STUDY 2

Sample Learning Activity: Grades 5-8—Mailing Boxes, page 92

Key Understanding 2: The net of an object has to have the same figures
as the faces of the object, and those figures have to be in the correct
relationship to each other.

Working Towards: Describing and Analyzing phases

MOTIVATION AND PURPOSE

My Grade 5 class had made jars of cookies as gifts, so I decided to use this to
help the students to learn more about nets. I gave them the following task:

Make a decorated box for your
jar of cookies so that the jar
will not get broken.

I thought the students would interpret this task as requiring a rectangular
box, as they had previously constructed them from cardboard nets using pre-
drawn templates. None approached the task by planning a suitable net, however.
Most began by folding or rolling the card to fit directly on the jar. For example,
James rolled the card around the jar, taped it together, then folded down the
ends and taped them.

It became clear that their previous experiences with nets had not equipped
them to either choose to use a net for such a purpose or to design one. I
realized that the students needed to look more closely at nets to see how the
different 2-D figures went together to make them.

CONNECTION AND CHALLENGE

Using a collection of cardboard boxes, I asked the students to trace around
the faces and cut out the figures. I wanted them to think about how these
2-D figures could go together to make the original box, so I asked the students
to lay out the figures in such a way that if they were folded they would remake
the box.

As the students worked, I could see that some were having difficulty finding an
appropriate arrangement. I thought it might help them to compare their attempt
with someone else, so I suggested that they find someone in the room who had
the same shaped box.
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Making prisms from
pre-drawn nets does
not help students to
focus on the number of
figures, the types of
figures, and the way
that these figures are
connected to each
other.

The difficulty was
caused by several
factors. Some students
did not have enough
figures, while others
had lost track of which
figures they had
traced and so had
drawn some faces
twice. Still others were
having difficulty with
how to place the
figures together. Each
of these problems
needed attention.
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Emma’s net

96

Jason’s net

“Look at each other’s arrangement of figures and see how they are the same.”

This prompted a lot of discussion as the arrangements were quite varied. Several
students were claiming that their arrangements were correct and their partner’s
arrangements were wrong. I could see that in some cases both of the
arrangements would fold to make the same shaped box whereas others would not,
so I suggested to the students, “Tell your partner how you would fold up your
arrangement to make it into a box.”

To the amazement of many pairs of students, they found that both arrangements
would make the box. Rather than focusing on why this was the case, I thought
it best to work with the students who had not been able to arrange their figures
in a way that would “work.”

Therefore, I asked the successful group of students to look at how the original
box was made by splitting it open and flattening it. I asked them to make a
journal entry to explain how their net was the same as the net of this box and
how it was different.

OPPORTUNITY TO LEARN

I asked the other students to open out their original box and flatten it. Some
students did not have the right number of 2-D faces to make the net of their box,
so this is where we started in our comparison. I asked them to count the faces
in the net of their box and to count the “faces” they had made. Emma, for
example, realized that she did not have enough, so I asked the group to look
at Emma’s arrangement and the net of her box to say what was missing.

They all agreed that she needed another skinny rectangle.
“So how many rectangles do we all need to make a net of a box?” I asked.

They decided that it was six. I knew that this might not be the number needed
for other objects, so I pointed this out. “Yes, we need six rectangles to make a
rectangular prism, but for other objects we might need a different number.
Could you all check to make sure that you have the correct number of rectangles
to make your box?”

It was then time to look at the sorts of figures that the students had cut out,
as some had the correct number, but had the wrong figures.

“Look at the net of your box and see if you have exactly the correct figures. For
example, Jason’s net has two large rectangles and four long thin rectangles, so
he needs to have two large rectangles and four long thin rectangles. Check to
see whether you have the correct figures.”
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I could see several students checking by laying their cut-out figures on top
of the faces in the net of their box. The other students thought this was a
good idea and decided to copy this strategy. This allowed them to easily see
which ones they had made two versions of and which ones they had missed out
altogether. I allowed them time to make copies of the missing parts before we
moved on.

ACTION AND REFLECTION

“So, now that we have the correct number of cut-outs and we have the correct
sort of figures, how could you put all of these together to make the net for your
box?”

I knew that the students would probably copy the same arrangement as those
in the flattened-out box, so, after they had finished this, I challenged
them further.

“The other students found that they could arrange their cut-out figures in
different ways and still fold it up to make the same box. Work with a partner to
find a different way of placing your cut-outs that will make the same box.”

I left them to work on this as I went to talk to the rest of the class.

Working with the class in this way had allowed me to focus the attention of the
small group of students on the aspects of the nets that they needed to work on.
The rest of the class needed to investigate why it was possible to make different
arrangements of the figures to make the one 3-D object. This would have to be
the focus of their next session with nets.
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In a later lesson, we
revisited the original
task and students used
their new
understanding to
design a suitable
container for a jar of
cookies. This gave me
the opportunity to
observe whether
students had
understood the ideas
in a way that enabled
them to make use of
their learning for
practical purposes.
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To understand drawings of objects, we need to combine what
we can actually see with what we think is there. Special draw-
ing techniques emphasize different aspects of an object.

There is a wide range of approaches to representing 3-D objects on
a 2-D surface, the latter having obvious practical advantages. Representations
of 3-D space in 2-D are culturally specific and we have to learn to interpret
them. For example, a common way of representing a cube is like this:@. In
fact, in a photograph and in a perspective drawing, the parallel edges going
back on an actual cube would get closer together. Nevertheless, most adults
would say the above diagram looks like a cube and not notice the “inaccuracy”
of keeping all opposite edges parallel. For them, the cube “pops out” and
looks three-dimensional. Young children, however, may not see a cube,
perhaps seeing a hexagon<:> with some lines added . Asked to reproduce
it, they may well produce a flat arrangement composed of three diamonds.
Thus, students have to learn how a 2-D representation is read within their
culture so that it also “pops out” for them. Of course, cultures vary in the
way in which they represent 3-D space in 2-D forms and, even within the one
culture, there may be various forms of representation.

Mathematics provides a number of standard ways of representing space
that are in widespread use internationally, and students need to learn the
conventions for interpreting and producing them. On the one hand, they
have to learn that we:

® may represent what can be seen from a particular point of view and
ignore things that we know to be there but cannot see (we do not
draw all four wheels if we can only see three)

® may distort shape and size to make diagrams look more realistic; for
example, drawing circular wheels as ellipses and representing things
farther away as smaller, as in perspective drawings

® may distort reality in order to emphasize some features, as in oblique
and isometric drawings (see page 68).
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On the other hand, they also have to learn that we:

e often interpret diagrams by reading beyond them to what is not in the
diagram but must have been there (e.g., the wheel at the back)

® begin to “see” ellipses as circles and converging lines as parallel,
so 2-D diagrams look like 3-D objects

e can read beyond the distortion in certain diagrams and understand
what they are telling us.

The ability to produce representations of 3-D objects drawn from a fixed
viewpoint develops slowly, and students will need considerable experience
in interpreting 2-D representations of 3-D objects and spaces, varying from
photographs and semi-realistic sketches to various geometric diagrams such
as the cube above. They might, for example, arrange students and food to
match a photograph of a picnic or find the position from which a sketch of
a building was made. They may need to “fill in” the parts of an object not
shown in a drawing in order to build a cube structure from an isometric
drawing. Over time, they should learn that there are some basic conventions
used to represent depth. Students in the later years should learn to use
isometric and oblique grids to draw representations of regular polyhedrons,
and may begin to use vanishing points for perspective drawing. Investigating
the difference between these drawings enables students to see which features
of the objects are highlighted in each and so learn to choose which to use for
particular purposes.

Links to the Phases

Phase Students who are through this phase. . .

Describing Il can interpret conventional diagrams of objects, such as prisms
and pyramids, although they may not be able to produce them
I can turn, position, and rearrange everyday and geometric objects
to match drawings
I attempt to show what can actually be seen and give some
attention to depth in their own drawings

Analyzing Il select actual objects to match exploded drawings, or front, back,
and side views, or various art forms
I draw prisms, pyramids, cylinders, and cones recognizably, but not
necessarily with a high level of precision, using them to draws
other things, such as buildings

Relating Il can interpret and compare a range of representations of 3-D space
and produce isometric, perspective, and oblique drawings
accurately

I can visualize a scene or an object in different orientations and
draw possible “other views” of an object from information
contained in 2-D drawings
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Sample Learning Activities

K-Grade 3: % % Important Focus

Stories

Before, during, or after reading a story from a picture book, ask students to
arrange some 3-D representations of the characters and objects from the story
to match a picture scene in the story. Ask: Where does this character belong?
What is on this side of the character? Where does the tree go?

The Three Bears

When students are illustrating stories such as The Three Bears, provide them
with an actual teddy bear to copy. Before they begin drawing, focus the students
on the shapes they can see in the ears, face, body, and legs. Ask: What shape
is the leg? (a long sausage shape or a cylinder) Stand the bear up in front of the
group and say: Some things look different when you see them from different
places or positions. Ask: What does the leg look like from where you are sitting?
Ask students to trace the shape that the leg looks like in the air and then draw
what they can see of the leg on the paper. Repeat this with the other parts of
the bear so that students draw the bear from their viewpoint. (See Represent
Transformation, Key Understanding 3)
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Only What You See

Have students draw a line drawing of a simple familiar object that has parts
hidden from view (e.g., a cup with the handle hidden). Focus students on
drawing only what they can see. Encourage students to talk about parts they
cannot see but know are there. Ask: What can you see? How have you shown that
in your drawing? Why didn’t you draw the handle?

Coloured Cubes

Provide pairs of students with a cube that has each face a different colour and
a line drawing of a cube. Invite them to colour in the faces to match those on
the cube. Ask: Which colours can’t be seen on your picture? Are the colours
on your picture different from the colours on your partner’s picture? Why?
Encourage students to swap their pictures and cubes and then match the cube
with the view shown on their partner’s picture.

Constructing Shapes

Have students examine photographs of basic 3-D objects (e.g., cubes, cylinders,
spheres) and invite them to construct those shapes using playdough or modelling
clay. Ask: How did you know the cylinder had two ends, when you could only see
one? How did you know those two sides were the same when they don't look the
same in the photo?
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Pictures

Show students pictures of scenes and discuss what they notice about the figures
in the foreground and background of the picture. Ask: Why do the trees in the
background look smaller? Why does this child look bigger than this adult? How
has the artist made some things look farther away? Encourage students to use
these ideas to construct their own picture using pictures cut from magazines.

What Can’t Be Seen

Give students a familiar object or a picture of a familiar object (e.g., car,
television, dog) and invite them to draw what they think the other side of
the object would look like. Ask: How do you know what it will look Llike?
What do you know must be there but can't be seen?

Puzzling Pictures

Give students a quick glimpse of a 2-D representation of a 3-D object, such as
a hexagon made from three rhombuses to represent a cube, or a simple diagram
of a rectangular prism. Ask students to say what they saw. Invite them to
explain to a partner what part of the drawing “stood out” so that they knew it
was really showing an object, not a flat shape. Show them the representation
again and ask: How did you see that was a cube (long box)? Which part of
the diagram showed the front of your cube (long box)? Which part of the
diagram showed the end of your cube (long box)?

FSIMO08 | First Steps in Mathematics: Geometry and Space
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K-Grade 3: % % Important Focus

Different Views

Sit students around a collection of objects (e.g., toy car, cup with handle, jug)
and have them take turns to say what they can see. Ask: What is on the table
that can't be seen from position 27 Who can see a small part of something and

can guess what it is?
Collection of —
different objects
Figure Hunt

Have students locate square, rectangular, and circular figures in pictures
(e.g., the square figure in a table, the circle figure in a wheel). Invite them
to place an acetate over each and trace around the figure. Ask: Why doesn't this
look like a square (circle)? How do we know it should be a square (circle)?
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Photographs

Give students photos to examine and discuss what it is about the photo that
enables them to make sense of the situation. Ask: Is that building larger than
that one? How do you know? Which person is at the front? Which animal is
farthest away? How do you know? What does it mean when the girl overlaps the
boy? Who is in front? Who is behind? 3

Exploded Drawings

Have students interpret simple exploded, orthographic, drawings, such as those
found in Lego® packages or other kit assembly instructions, in order to work out
how the different components fit together to construct an object (e.g., robot,
row boat, baby carriage). Ask: How do you know which pieces to use? How
does the drawing help you know where each piece has to go?

Fruit Bowl

Have students sit in groups around a bowl of fruit, draw line drawings of what
they see, and leave their drawings in a pile on the table. Invite them to switch
seats with another group, choose a drawing from that table and match the
viewpoints with one of the drawing positions. Ask: How do you know it comes
from here? What piece of fruit can you see when you are sitting in this seat?
What can't you see? Which seat would you be sitting in if you could see what
is shown in this drawing?
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Sample Learning Activities

Grades 3-5: * & Important Focus

Skeleton Object

Invite students to make skeleton 3-D objects (e.g., triangular prism, square
pyramid) with toothpicks and playdough or modelling clay and then ask them
to draw their structure. Display the structures and invite students to choose a
drawing and match it with the skeleton object. Ask: What was it about the
drawing that helped you match it with the object?

Viewpoint

Take photographs of familiar objects in the classroom or playground from
several different positions. Have small groups of students locate the position
from where the photograph was taken and explain how they know. Ask: How did
you know the photographer stood there? What part of the photo is the same as
what you can see? Is there anything different?

Drawing the Top

Have students examine basic 3-D objects and, with assistance, draw what they
can see from where they are sitting. For example, invite students to make
several drawings of a tall cylindrical object (e.g., garbage can, fruit juice can,
water jug), until they are satisfied that the top looks correct. Ask: What shape
is the top of the can? What shape did you have to draw to make it look right
from where you are sitting?

2

Skeleton Diagram

Show students a diagram of a 3-D object (e.g., prism, pyramid) and invite
them to use straws and joiners to construct what they think the diagram
represents. Ask: How did you know which parts to build when you can't see
them in the diagram? How do you know what the whole object should look
like?
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Grades 3-5: * & Important Focus

Cross Sections

Have students select an object from a collection of prisms, pyramids, cylinders,
and cones and use playdough to make a model of it. Invite students to make
cross sections of their objects. First, encourage them to imagine and draw the
object they would get if they were to cut the object. Have them swap their
drawings with a partner and make the cut required to get the cross section
that was drawn. Ask: Why did your cut through that rectangular prism not
match the cross-section drawing? Can you cut it a different way?

Isometric Drawings

Have students make up different arrangements of cubes from simple isometric
or oblique drawings. Discuss how they knew what to do. Ask: How did you know
which face of the cube matched each part of the drawing? Which part of the
drawing did you use to know what was at the back?
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Ten Cubes

Invite students to make an arrangement using ten interlocking cubes and then
draw their structure. Have them swap their drawing with a partner and make their
partner’s structure. Ask: Are the two constructions the same? Why? Why not?

Skeleton Swaps

Invite students to construct skeletal 3-D shapes using such things as straws
and joiners, pipe cleaners, and toothpicks joined with adhesive putty. Have
each student draw a picture of their model, swap their drawing with a partner,
and use the new drawing as a plan to construct the model it shows. Encourage
students to compare the original model with the copied model, matching each
straw in the model to the line segment on the drawing. Ask: Why doesn’t your
partner’s model look like your model? Is there something that you need to
do to your drawing that would help your partner to make a model that looks like
yours?
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3-D City

Have students construct a 3-D representation of a photograph of a city (farm,
ship), using recycled materials or 2-cm cubes. Encourage them to identify the
2-D figures within the picture and say how they decided to represent each
using 3-D materials. Ask: What did you use the toothpaste box for...? What
was it about the picture that suggested to you that the toothpaste box was the
best?

Soma Cubes

Invite students to use interlocking cubes to construct the seven pieces of a soma
cube set, using a diagram or isometric drawing of each piece. Perhaps students
may make each of the soma shapes with a different colour of cube. Encourage
them to then build the puzzle by constructing a 3 x 3 x 3 cube. (See illustration,
page 80.)

Four-Cube Houses

Invite students to use four cubes to make houses where the blocks are joined
at the faces. Ask: How many different designs can you make? Have students draw
a diagram of two of the houses from the side, front, and top views and use
this to explain how the houses are different.

Building

Have students construct a small building using Lego® pieces and draw a diagram
of their structure from the side, front, and top views. Invite them to exchange
drawings with a partner to build each other’s structure from the diagrams. Ask:
How did you know what to do? How can you check if you are correct? What part
of the diagram gave the most information about the building? Is the building
the same as the original? Why? Why not?

Photographs

Provide photographs and pictures of buildings, roads, and other structures.
Ask students to mark the line segments on the pictures that would be parallel
in real life. Attach the pictures to a large piece of newsprint paper. Invite
students to draw over and extend the lines to show how perspective drawings
come together at a focal point. Ask: Are the lines parallel in the picture? What
happens to the lines?

Out of the Window

Invite students to look out of the classroom window and draw a structure as they
see it directly onto the glass. Alternatively, set up a large piece of glass
vertically on a desk and place objects behind the glass. Have students look at
it at eye level and draw exactly what they see. Say: The left side of that building
is a rectangle, but you have not drawn a rectangle, you have drawn a
parallelogram. Ask: Why is that? What can you see from where you are sitting?
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Sample Learning Activities

Grades 5-8: * % Major Focus

Drawing a Cube

Have students examine a range of 3-D objects (e.g., prisms, pyramids, cylinders,
cones). Invite them to sketch what they can see from where they are sitting.
Encourage students to make several sketches to come to a closer representation
of what they can actually see. Ask: What figure do you know forms the top of
the cube? What figure did you have to draw to make the top look correct from
where you are sitting? Can you sketch the cube again so that the figure at the
top of the box is not a square but a rhombus?
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Depth

Show students a photograph of a line of telephone poles to see how depth is
represented. Ask: How big do the closer telephone poles seem to be? What
about the ones farther away? What do you notice about the width of the road
as it runs into the distance? Encourage students to draw the poles and the
road to show depth.

Overlapping Figures

Show students pictures that have overlapping figures within them that show
depth or distance. Ask: Which building is in front? How do you know? How can
you tell that the car is behind the tree? Give each student a collection of
objects (e.g., lunch box, glue stick, mug) with some placed in front of others.
Encourage them to use the same approach to draw the collection to show depth
or distance of the objects in the collection. Have them rearrange the objects and
swap drawings and places with a partner. Then invite them to use their partner’s
drawing to arrange the objects as they were. Ask: How did you know that the
glue stick was behind the mug but in front of the lunch box? What did your
partner do in the drawing to show the positions of each object?

Viewpoints

Have students examine how different viewpoints affect the perspective of their
drawings. Place a checkerboard on the desk. Have students draw the board from
a bird’s-eye view. Repeat the drawing standing away from the table. Lastly draw
the board with their eyes level with the table. Ask: How does the drawing
change with each change of view?
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Cross Sections

Extend Cross Sections, page 104, by having students examine a range of fruit and
vegetables. Ask students to select one and imagine and draw a cross-section view
of it. Invite them to exchange the items and the drawing with a partner, then
visualize and make the cut to produce the cross section. Ask: How did you
know to cut your banana on a slant and not straight across? What was it in the
drawing that showed you that the orange was not cut straight down the middle?

Building Houses

Provide students with architectural sketches showing the different elevations
of house plans. Encourage them to identify the basic 2-D figures used for the
different elevations of the house and join the shapes to construct the model of
the house. Display the houses next to the sketches. Ask: How did you “fill in”
the parts of the building that were not shown in the sketches?
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Building Complex Structures

Have students build complex block structures from isometric, oblique, or
perspective drawings. Ask: How did you fill in the parts of the object that
could not be seen in the diagram? Did thinking about rows, columns, or layers
help you? Which representations are easier to interpret, isometric, oblique, or
perspective drawings? Why?

Carton and Cup

Place a milk carton with the spout open pointing left in the centre of the
table. Have a student sit in position 1. Say: I want you to draw exactly what you
see from where you are sitting. Have the student move to position 2. Repeat the
instructions. Do the same for positions 3 and 4. Repeat the activity with a cup
on the table. Ask: How does your position change the diagram you drew?

Position 3

Position 4 Milk Carton Position 2

Position 1

Four-Cube Houses

Invite students to use four interlocking cubes to make houses where the blocks
are joined at the faces. Ask: How many different designs can you make? Give
students oblique grid paper to record their designs to show they have found them
all.
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Grades 5-8: * % % Major Focus

Soma Pieces

Give students soma pieces to make items such as a chair or a set of stairs.
Encourage them to draw an oblique and isometric drawing of their model and say
how each is the same and different. Ask: What part of the model is at the front
of the isometric drawing? What part of the model is at the front of the oblique
drawing? Why is this different?

Soma Pieces Again

Extend Soma Pieces, above, by having students draw an exploded diagram of the
same model. Invite them to swap all their drawings with a partner to make the
model. Ask: Which drawing was most helpful in making the model? Why?
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Cardboard Box
Have students draw what they can see of a large cardboard box that is placed
on the floor where all can see it. To help them accurately draw what they see,
have them close one eye and slide their thumb along a pencil to compare the
lengths of the edges from where they are sitting. Ask: Do all of the sides look
the same length? What differences in lengths do you see? While students are
drawing, discuss with them how the vertical edge that is farther away looks
shorter and how parallel lines appear to get closer to each other as they get
farther away. When several
students are satisfied with their
drawing, ask them to explain what
they did to make their drawings
“look right.” Pin one drawing up
and extend the oblique lines as
dotted lines to show a “vanishing
5 L point” and explain that they have
made a perspective drawing of the
I box. Encourage students to
experiment with using a different
vanishing point by drawing the
box again from a different angle.

Vanishing Points

Extend Photographs, page 105, by having students draw over and extend lines
that would be parallel (in real life) to identify vanishing points. Ask: Are the
vanishing points in front of or behind the shape? Are the vanishing points on
the horizon? Are the vanishing points level with each other or is one higher than
the other? Sort the pictures according to whether there are one or two vanishing
points. Ask: Where would you have to be standing for the vanishing points in
each category?
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More Vanishing Points

As students produce perspective drawings in other activities, have them examine
each other’s drawings and make comments about whether they look correct
according to what they know about vanishing points. Ask: Why doesn’t that bed
look correct? We know the sides are parallel, but what do we do to make it
look more realistic?

Comparing Drawings

Have students make an object using Polydron™ and then draw perspective,
oblique, and isometric drawings of it. Encourage them to examine how the
figures of the faces, the vertices, and the edges are drawn on each and say
what is the same and different. Ask: Which part of the model is given emphasis
in each drawing? When would we use each type of drawing?

Exploded Drawing

Extend Comparing Drawings, above, by having students make an exploded
drawing of their model on a blank piece of paper. Ask: How can you get the
angles to be the same as those on the model? How can you get the figures
the same? How can you get the lengths of the edges the same? Encourage
students to use protractors and rulers to help.

Box for Big Books

Extend Box for Big Books, page 81, by having students sketch a perspective
drawing of the box for big books, labelling it with the dimensions required.
Invite them to use this drawing to produce an exploded diagram showing the
dimensions of each component. Encourage students to use a protractor to get
the angles exact.

Design Problem

Have students draw a diagram of a model to solve a design problem (e.g.,
making a suitable container for shared drawing materials that is easy to pass
around). Ask: Why did you use that particular type of drawing? Could you have
used a perspective drawing instead? Why? Why not? Invite them to construct
the model from the diagram and then say what other information they needed
on their diagram before someone else could use it. Ask: Was the model the
correct size? Were the different parts the correct size in relation to each other?
What information do you need to show on your diagram so that the person
building the model knows how big to make it?
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Grades 5-8: * % % Major Focus

Elevation Plans

Have students design six-cube houses and use isometric paper to draw these
houses. Invite students to give their drawings to others to construct and then

discuss any modifications to the drawings that might be needed to result in
houses of the original designs.

Often while we look at a drawing of a cube, it will seem to “shift:”

Focusing continuously on some drawing, or attempting to examine the
now relations among different elements of a 3-D object described in a 2-D figure,
may cause the first 3-D image to modify. The back part of the object AB
“pops out” and creates the impression that the object turns inside out or the
other way around. This well-known phenomenon, especially related to cubes,
is known in psychology literature as “Necker Cube phenomenon.”*
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* From Latner, L. and Movshovitz-Hadar, N. 1999, “Storing a 3-D Image in the Working
Memory,” Proceedings of the 23rd Conference of the International Group for the Psychology

of Mathematics Education (PME23). Haifa, Israel, July 25-30, Volume 3,
p. 201.
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Chapter 4

Represent Transformation

Visualize transformations and show the effect of them on
shapes and arrangements.

Overall Description

Students visualize the effect of transforming shapes and arrangements in
particular ways. Thus, they can predict how a shape will appear when reflected
in a mirror, how an object will look if the viewer walks around it through a
quarter turn, and whether a particular net will fold up to make a planned
container.

They understand that there are many transformations, each with its own
characteristics and purposes. They know that translation, rotation, and
reflection all preserve shape and size and that each is the basis of its own
form of symmetry. They also know that enlargement preserves shape but
not size, and that other transformations may distort shape.
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BACKGROUND NOTES

Shapes that will tessellate, such as rectangles, squares, triangles, and hexagons,
can be made into irregular shapes that also tessellate. Cut a section out of one
side of the shape and use either translation, rotation, or reflection to move
the shape across to one of the other sides. Figure 1 uses translation to create
the shape and then translation to create the tessellation.

Translate l

Cut out shape Cut out shape

Add design and colour
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Tessellating shapes can also be created using rotation and reflection, or
a combination of different transformations. The shape in Figure 2 was
created using translation and reflection.

®
=

Cut out the shape

N

Translate and then reflect

Reflect to tessellate

Figure 2

Students need to consider which transformation or series of transformations
needs to be used to make the tessellating design. They will discover that
the same transformations they used to create the beginning shape are also used
to create the tessellating. The tessellation in Figure 2, for example, is created
by reflecting and translating the shape.
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Students will find that some shapes will not tessellate with some
transformations. The shape and the tessellating design in Figure 3, for
example, were created using rotation and a “hole” has appeared that cannot

be filled with the shape.

/!

Cut and rotate shape

Figure 3

Figure 4
When the beginning shape (the rectangle) is rotated in the same fashion, a
hole, similarly, appears (see Figure 4). This is because rectangles cannot be

made to tessellate using rotation. The same transformation on a square,
however, would tessellate (see Figure 5).
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Start with a square, and the same cutout and rotation tessellates without

holes.

Cut and rotate shape

Figure 5
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Represent Transformation:
Key Understandings Overview

Teachers will need to plan learning experiences that include and develop
the following Key Understandings (KU), which underpin achievement of
this family of concepts. The learning experiences should connect to students’
current knowledge and understandings rather than to their grade level.

We can imagine how a thing will look after we move all or
part of it or change our view of it.

KU2 We can move things around in space by reflecting,
translating, and rotating. These do not change size or

shape.

KU3 Some transformations, such as enlargement, change size
but leave shape unchanged. Others change size and shape.

KU4 Symmetrical things have component parts which can be
matched by rotating, reflecting, or translating.
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K-Grade 3, page 120
Grades 3-5, page 123
Grades 5-8, page 126
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* ok k

* ok k

K-Grade 3, page 132
Grades 3-5, page 135
Grades 5-8, page 139
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K-Grade 3, page 148
Grades 3-5, page 150
Grades 5-8, page 152
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K-Grade 3, page 158
Grades 3-5, page 160
Grades 5-8, page 162

* x *  Major Focus

* %

The development of this Key
Understanding is a major focus
of planned activities.

Important Focus

The development of this Key
Understanding is an important
focus of planned activities.

Introduction, Consolidation,
or Extension

Some activities may be planned
to introduce this Key
Understanding, to consolidate
it, or to extend its application.
The idea may also arise
incidentally in conversations
and routines that occur in the
classroom.

o0cle

© Western Australian Minister for Education 2013. Published by Pearson Canada Inc.

BY NC ND

117


http://creativecommons.org/licenses/by-nc-nd/3.0/

118

We can imagine how a thing will look after we move all or part
of it or change our view of it.

The capacity to manipulate images in the mind and to visualize (or imagine
in advance) the effect of particular changes on the shape, size, position, and
orientation of things is of immediate practical use in understanding,
navigating, and constructing our environment, including the computer
environment. Improving students’ capacity to visualize is important both
for its direct benefit and because of its helpfulness in learning further
geometrical and other mathematical ideas. The essence of this Key
Understanding is that students understand that we can imagine the effect of
spatial changes without having to actually carry them out, and that if we
get “good at it” we can rely on those predictions.

The ability to imagine the effect of movements should begin to develop
as students turn shapes around and over to test whether they will match
other shapes (e.g., for mail boxes), fit together (e.g., jigsaws), reproduce an
arrangement (e.g., with Pattern Blocks), or fill or copy a shape (e.g., tangrams).
Through such activities, students should learn to discern simple shapes within
complex patterns and arrangements, mentally compose, decompose, and
rearrange figures and objects, and visualize the effect on figures and objects
of moving them (or the viewer) in particular ways. Thus, students might
visualize and reproduce the folds and cuts needed to produce a “snowflake”
design from a square or a frieze from a strip of paper. Students should carry out
simple changes to the shape, size, or position of objects and observe the
effects of these changes (e.g., When I turned the square piece over it fitted into
the same space.)

Later, in conjunction with their developing understanding of the effect
of particular transformations (see Key Understanding 2), students should
predict the effect of such transformations on the shape, size, or position of
figures and objects and check by experimenting. For example, they may say:
I decided that if I moved this box along the desk in a straight line, all its corners would
move the same distance. I was right. Or they may say: I thought if I used this
2-cm grid, the house would be twice as big. Every line was twice as long but the area
was four times as much.
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Links to the Phases

Phase

Emergent

Students who are through this phase. . .

can predict whether shapes will fit into specified spaces, although
this may largely be based on memory of previous attempts

Recognizing

know that things look different from different positions and
sections but may have difficulty imagining how they will look

Describing

can imagine how things will look from different positions quite
well

For example: Students may order photographs that were taken as a
photographer moved around an arrangement, without having to
move around the arrangement themselves, and predict the shape
of the cross sections.

Analyzing

can visualize and reproduce the folds and cuts used to make a
complex symmetrical pattern, such as on a frieze or “snowflake”

Relating

can predict the effect of specified transformations on the position
and orientation of figures and objects
For example: A student may imagine what a shape will look like if
rotated through a 90° turn clockwise.

FSIMO08 | First Steps in Mathematics: Geometry and Space
© Western Australian Minister for Education 2013. Published by Pearson Canada Inc.

o0¢o

119

T N)] uorjew.oysuel] juasaiday


http://creativecommons.org/licenses/by-nc-nd/3.0/

Represent Transformation KU 1

120

Sample Learning Activities

K-Grade 3: * %% Major Focus

Tangrams 1

Provide each student with a picture that others have made from tangrams and
a matching set of correctly sized tangrams. Invite students to select, one at a
time, a piece they will need to fill a particular spot. Encourage them to test by
putting the tangram piece on the picture.

Tangrams 2

Repeat Tangrams 1, above, but when students select a piece, encourage them
to describe how they will need to move it to make it fit. Say: Point to the
shape that you will need to fill that space. How will you need to move it to make
it fit? Again have students test by putting the tangram piece on the picture.

Fill in Puzzles

Provide outline puzzles and drawings of familiar objects made from 2-D figures.
Invite students to make the “picture” by moving pieces into place.
As they do so, ask: Which piece would fit in this part? How can you tell?

Viewpoint

Have students say how something will look from a different view. For example,
invite students to draw a familiar object, such as a cup, a milk carton, or a
toy. At first, focus the students on representing the parts that they can see. Then
ask them to imagine and make another drawing of what they think is on the
other side. Ask: Is there something on the other side that you know is there but
you can’t see from here? What side will the handle be on if you draw it from the
other side? How do you know?

Paper Folding

Have students imagine the shapes produced by opening out a fold line. For
example, invite them to fold a piece of paper in half, cut a shape out of the
folded side, then open out the paper. Before they
open out their paper, ask: What do you notice
about the holes you have made? Where will they
be when it is opened out? Say: Fold the paper
in half again and cut out another piece. Draw
what you think it will look like when it is opened
out. Repeat the activity by having students fold
a new piece of paper into quarters.
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Where Is It?

Have students find simple figures within complex patterns. For example, provide
students with scribble patterns that have line drawings of objects from familiar
stories embedded in the scribble. Invite them to identify the object or character
and colour in the figure or the background. Ask: What was it that helped you
to find the object?

Familiar Objects

Have students imagine how a familiar thing will look from a different view.
For example, show them a picture or a photograph of a familiar object
(e.g., car, spaceship, house) made from construction blocks. Invite them to
suggest which blocks they will need to construct the object. Ask: What do you
think the other side of the model looks like? Encourage each student to build
the 3-D model using blocks. Ask: How many wheels are on your car? How many
are on the picture of the car? How did you know to use that many wheels?

Fruit Bowl

Extend Familiar Objects, above, by using real objects. Have groups of students
sit around a bowl of fruit, make line drawings of what they see, and leave their
drawings in a pile on the table. Invite them to switch tables with another
group and walk around the display to see what it looks like from different
views. Ask them to choose a seat and deal out the drawings. Without moving
from their chair, encourage them to say what viewpoint their drawing shows and
how they know. Invite them to pass the drawing to the student sitting in that
position to verify. Ask: Which seat would you be sitting in if you could see
what is shown in this drawing? How do you know that drawing comes from
the position on your right?
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Represent Transformation KU 1
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K-Grade 3: % % % Major Focus

Actions

Have students say how they think shapes will change during a sequence of
actions. For example, invite students to fold a circle in half and cut in from
the fold to make a shape. Ask: What will your shape look like after you have cut
it out? Have students open the shape out. Ask: What will it look like in the
mirror? Draw what you think you will see. Invite them to reflect the shape in
a mirror. Provide students with inflated balloons and invite them to draw on
them. Ask: What do you think will happen to your drawing if you let the air out
of the balloon? Have them deflate the balloons. Encourage students to predict
how they think shapes will change through incidental activities throughout
the day. For example, ask: What do you think this dough will look like after
we have cut out nine cookies with our round cookie cutter?

Patterns

Have students visualize the effect of reflecting figures. For example, invite
them to draw half of a square (cat, boat) on card so that the edge of the card
forms the mid-line of the drawing. Have them cut the half figure out, predict,
and draw what the whole figure will look like. Encourage them to check by
reflecting and tracing to make the whole figure. Repeat this to create a border
or sequence of objects for a picture. Which figures are reflections of the original
shapes? How can you tell?

’_\_L|
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Sample Learning Activities

Grades 3-5: % % Major Focus

Jigsaws

Have students construct double-sided jigsaws by gluing black and white pictures
to either side of card and then cutting them into small rectangles and triangles.
Invite them to complete someone else’s jigsaw. Ask: What clues did you use to
help you fit the pieces together?

Broken Windows

Show drawings of broken windows and provide a choice of different-shaped
pieces to fit in the hole. Explain that filling the hole with the correct piece of
glass can repair the window. Encourage students to predict which piece will
be required to fix each window and explain why. Ask: How would you move
that piece so it would fit in the hole? Invite students to check if they chose the
correct piece by placing it over the hole.

Coloured Cubes

Provide pairs of students with a line drawing of a cube and a 3-D cube with each
face a different colour. Invite students to colour in the faces of the cube in the
diagram to match those on the cube. Ask: Which colours can’t be seen on your
picture? Are the colours on your picture different from the colours on your
partner’s picture? Why? Encourage students to swap their pictures. Ask: What
colour are the parts of the cube in the diagram that you know are there but can't
see? How do you know? Encourage students to use the actual cube to test
their prediction.

Cross Sections

Invite students to imagine the shape of cross sections of a variety of common
objects, such as carrots or potatoes, and choose a shape to create a print
pattern. Encourage them to say how they will slice their object to make that
shape. After printing, ask: Is the shape of the sliced object the same as the
shape you had in your head? How is it different? How would you make that
shape?
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Represent Transformation KU 1

124

Grades 3-5: % % Major Focus

Paper Folding 1

Have students fold paper concertina-style, cut out a shape on one folded edge,
and open it out to see what frieze they have produced. Invite them to then
decide and sketch what new frieze they want to produce, plan their cuts, and
make their frieze. Ask: Which part of your frieze do you want to connect? How
will you cut your folded paper to make that happen? How will you cut
the paper if you want to give your “person” some eyes? Encourage them to

assess how well they visualized where their cuts should be and what mistakes
they made.

< Clzele

—1

Snowflakes

Ask students to fold paper diagonally, first in quarters and then in eighths,
and cut a design into the folded edge. Have them carefully draw a copy of the
cut-out piece. Invite them to open out their snowflakes and pin them up.
Encourage other students to inspect the traced outline and decide which cut-
out shape goes with which snowflake. Have students justify their choice. Ask:
What is it about the cuts in the folded paper that match that snowflake? What

other clues did you use? Were there some that were easier to match than others?
Why?

traced

cut out
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Paper Folding 2

Have students fold and cut paper to create different templates for stencilling
and decide which designs will be more suitable for borders or corners than
others. Invite students to test their pattern or arrangement (perhaps using
grid paper; see Appendix: Line Master 2) before completing the final product.
Ask: What would your design look like if you put the stencil together in different
ways (turning it sideways, turning it over)? How can you move the shape to
make it fit into the corners better? Encourage students to predict and draw
other designs.

K

Changing Shapes

Have students view and sketch what they think an object (e.g., cup, shoebox,
pot, chair) would look like from above, below, and from different sides. For
example, students might describe how the rim of the cup appears to change from
a circle to an ellipse as they change their viewpoint. Encourage students to
compare drawings and say why they used particular shapes. Ask: What did you
see in your mind’s eye that helped you decide which shapes to use?

Viewpoint

Show students photographs of different locations around the school or classroom
and invite them to put them in the order of the pathway taken by the
photographer. Without going to the location, encourage students to imagine the
exact place each photograph was taken and then identify the parts of the
photograph that match the location. Ask: Where do you think the photographer
was standing to take this photo? Why do you think it was there?
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Sample Learning Activities

Grades 5-8: * % Major Focus

Tessellate 1

Invite students to select any triangle and visualize and predict whether it
will tessellate. Encourage students to give reasons for their predictions and
describe the transformations required. Ask: Do you think your triangle would work
as a tile? Could you cover your page with that shape and not have any gaps or
overlaps? What is it about your shape that makes you think it will or won't
tessellate? Have them test by drawing the tessellation. Ask: Do you think all
triangles will tessellate? Why? Repeat with other shapes.

Tessellate 2

Project an image of a pattern based on tessellating triangles. Number the
triangles from 1 to 9. Invite students to visualize the transformation required
to move a triangle from one position to another. Ask: How would you move
the triangle from position 1 to position 9?

Viewpoint

Have groups of four students sit around a table and draw their view of several
objects placed in the centre of the table. Without moving, have them draw
what they imagine the arrangement would look like from each of the other
three positions. Encourage students to compare their drawings of the same
viewpoints. Next have students visualize and describe what is the same
(different) about the view they would get by rotating the group of objects a half
turn (180°). Then have them visualize and describe what is the same (different)
about the view they would get by moving themselves 180° around the object.
Ask: Would it be the same view, or would it be different? Why? Why not?

7 ]
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Cross Sections 1

Display a clear plastic 1-L cubic box containing about 4 cm of coloured water.
Invite students to examine the cross section of the cube made by the top
surface of the water. Ask: What figure can you see? Encourage them to predict
the figures created by tilting the box into different positions. Ask: How would
you make a square (rectangle, trapezoid, isosceles triangle, equilateral triangle,
pentagon, hexagon, octagon)? Which figures cannot be made? Why? Would
this change if the top was sealed and you used more water?

Cross Sections 2

Invite students to make cross sections of cones, cylinders, prisms, pyramids, and
spheres using modelling clay or playdough. Encourage them to first predict
what figure they could produce and where they would need to cut to create that
figure. Invite them to test their prediction by cutting. Ask: Did your cut produce
the figure that you predicted? How could you have cut your object to produce
that figure? Is it possible to get that figure from the object you chose? What
object would produce that figure? How could you have made a more accurate
cross section?

Reflection

Ask students to visualize and sketch the reflection of a figure about a given line
of reflection before carrying out the actual reflection itself. Begin with
a figure with a horizontal or vertical reflection. Ask: What would your figure look
like if it was flipped horizontally? What would it look like if it was flipped
vertically? Later extend to figures on a slope and then to a reflection line on
a slope. Ask: How can you check that a reflected figure over a diagonal line is
positioned correctly? Draw out that measuring the angle between one of the
sides of the figure and the reflection line and then using that same angle to
position the flipped figure will ensure the figure is positioned correctly. If
there is a space between the reflection line and the figure, then students
will also need to work out the distance from the reflection line.
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128

Grades 5-8: * % % Major Focus

Paper Folding 1

Invite students to think about how they would have to fold and cut paper to
produce four or eight people holding hands in a circle. Ask: How would you
fold the paper to make the people come together in a circle? How many folds
for two people? How many for eight? If you folded again, how many people
would you get? Encourage students to test their prediction by folding and
cutting. Ask: Why are your people in a straight line and not in a circle? What
if you were to fold it in a different way, what do you think you would get?

Paper Folding 2

Organize students into pairs and have them fold paper and draw a figure or
design on the front to be cut out from the folded edge. Before cutting the
paper, have students swap designs with their partners and sketch how they
think the pattern will look once it is cut and opened out. Invite them to cut and
unfold the pattern to see how close they were. Ask: Why didn’t your design
turn out as you predicted? What will you need to do to your drawing on the
folded paper to produce the design you want?

Snowflakes

Extend Snowflakes, page 124, by having students use more complex designs. Give
them a set of drawings of “snowflakes” and matching cut-outs. Invite them to
imagine the cut-out unfolded and match each one to the correct snowflake.
Ask: What is it about the cuts in the folded paper that match that snowflake?
What other clues did you use? Were there some that were easier to match than
others? Why?

P

Actions

Have students imagine how a shape will look after part of it has been moved.
For example, give students a 2-D figure and ask them to visualize and draw
the results of slicing off a section of the shape and rotating, reflecting, or
translating it before reattaching it to a different part of the original shape.
Ask: What shape do you end up with if you cut off the right side of the
parallelogram and translate it to the left end and reattach it? How would you
cut and rearrange a triangle in order to make a rectangle?

FSIMO08 | First Steps in Mathematics: Geometry and Space @@@@
BY NC ND

© Western Australian Minister for Education 2013. Published by Pearson Canada Inc.


http://creativecommons.org/licenses/by-nc-nd/3.0/

Template

Give students two templates (e.g., templates of a leaf and an acorn) and invite
them to visualize creating a pattern by moving one of the templates through
a 45° turn clockwise and then the other through a 45° turn counter-clockwise.
Ask them to sketch their visualization. Ask: How do you think the leaf will
change through your pattern? How will the acorn change through the pattern?
Encourage them to visualize and sketch other rotations and transformations
using the same shapes.

Clockwise turns (45°)

c0®

Counter-clockwise turns (45 °)
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We can move things around in space by reflecting, translating,
and rotating. These do not change size or shape.

We often think of the transformations of translation, reflection, and rotation
in an informal way as motions that move points from one position to another.
When a transformation is applied, some properties of the whole figure or
object will be changed; other properties will remain unchanged. These three
transformations are grouped together because they each leave the shape and
size of the object unchanged so that the original object and the transformed
object are congruent.

e Translation: To translate a point means to move it in a straight line. When
a figure or object is translated, the whole thing “slides” a specified distance
in a specified direction. Objects passing by on a straight conveyor belt give
a good model of a translation.

® Rotation: To rotate a point means to move it as though around the
circumference of a circle. When a figure is rotated, the whole thing turns
around a specified point by a specified amount, and when an object is
rotated, the whole thing turns around a specified line by a specified
amount. A windmill or objects on a pottery wheel give good models of a
rotation.

e Reflection: To reflect a point means to move it as if it were seen in a
mirror. When a figure is reflected, the whole thing flips over a line so
that every point of the image is as far from the line as was the matching
point of the original figure. When an object is reflected, however, the
idea of “flipping” does not really work. A shoe, for example, looks different
in a mirror compared to what would happen to the shoe if you “flipped”
it over a line. A left and right shoe give a good model of a reflection
(but you could not get a right shoe from a left shoe by flipping).

Young students should note and describe their body movements
in dance, drama, and play, and the movements of objects around them,
leading to an informal understanding of different transformations. As they
progress, they should learn to recognize and describe translations, rotations,
and reflections of shapes embedded in designs and arrangements. This might
involve reproducing a design or picture by identifying and matching
component shapes and turning or reorienting them to fit. Students should be
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encouraged to notice the balances, repetitions, and movements in figures,
objects, and arrangements and to talk about what they see. We should use the
correct language in context, helping them to refine their descriptions of
what they see, though not expecting a high level of precision initially.

The study of tessellations helps students learn about the properties of
shapes and transformations. The question is this: Can this shape be used
repeatedly to cover a plane without gaps or overlaps; that is, would the shape
work as a tile? Initially, students use multiple copies of figures so they can
begin by trial and error. They should over time become more systematic in
producing the tiling pattern, focusing on how the shapes are moved relative
to each other in order to generate the tiling. Later, they should draw around
a single copy of the shape. This is more demanding, requiring students to
visualize and test the effect of moving the figure and translate, rotate, and
reflect it systematically to create the tiling pattern. Simply finding out by trial
and error that a figure will or will not tessellate is insufficient. Students
should analyze what it is about the sides and angles of a particular shape
that convinces them that it cannot ever tessellate and make conjectures
about which shapes must tessellate.

Links to the Phases

Phase Students who are through this phase. . .
Emergent can fit figures and objects together based on shape or orientation
Recognizing can use multiple copies of a figure or object to create patterns

and arrangements

can describe simple movement rules for generating patterns

For example: A student may say, “We started with a diamond and
each time we flipped it over and moved along one.”

Describing can use multiple copies of figures to create patterns based on
systematic movements of shapes (e.g., make a border from two
different shapes) and informally describe the movement used

Analyzing can use systematic movements of a shape to create a pattern
can identify the transformations used to produce a sequence
can describe how one shape can be superimposed on another
For example: A student may say, “Rotate it at right angles around
the centre and slide it to the left.”

Relating can describe the effect of a translation, rotation, or reflection on
the position and orientation of a figure and use transformations to
modify tessellating shapes to produce other tessellating shapes
and informally explain why this works
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Sample Learning Activities

K-Grade 3: % % Major Focus

Jigsaw Puzzles

Draw attention to the movements needed to solve problems. For example, while
students are doing jigsaw puzzles, ask: Does the piece need to be turned over
or turned around in order to make it fit?

Pattern Blocks

Invite students to use Pattern Blocks to make a given design (e.g., train, house,
duck). Ask: How do you need to move that piece to get it into the same position
as the piece in the design?

Shadow Puppets

When students are performing shadow puppet plays projected from the overhead
projector, invite them to describe the movements of the characters. For example,
ask: What did you do so that the wolf didnt walk backwards? How did you
move the puppets so that the characters stayed in focus?

Tiles

Invite students to use coloured paper cut into small squares and triangles to
cover areas in their artwork such as house roofs, roads, clothing, and trees.
Talk about the need to slide the pieces together so the sides and ends touch and
check for gaps and overlaps. Ask: Do the squares (triangles) fit together without
any gaps or overlaps? How could you turn the triangles to make no gaps?

Prints

Involve pairs of students in using prints (e.g., stamps, potato prints) and
stencils (e.g., templates, paper cut-outs) to make patterns. Invite them to
make multiple copies of the one figure, cut them out, and use the figures to make
a pattern. Encourage them to describe how they transformed their figures to make
their pattern. Ask: How did you move your figures to make the pattern look
right? How did your partner make their pattern?

Rotation and Reflection

Have students rotate and reflect figures (e.g., tangrams, Pattern Blocks, Power
Polygons™) to fit them in a given outline. Ask: What will you need to do to fit
this blue block into that space? Will this piece fit in here if I slide it across? If
you turned the shape over, would it still fit? What would be different?

Am >
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Tangrams

Invite students to combine tangram pieces to create a given figure such as a
rabbit. Display the pictures and ask: Where are the large triangles in each of
these pictures? Why do these triangles look different? How could they be made
to look the same? Would it change the picture? (See Case Study 1, page 143.)

Wrapping Paper

Invite students to identify patterns on different pieces of wrapping paper. Ask:
How is this shape moved to get from the first figure to the second (the second
figure to the third)?

Sorting

Extend Wrapping Paper, above, by having students cut out sections of patterns
and add them to a class poster. Encourage students to say how each group
can be sorted. Ask: Are they all sideways flips or are some flipped up (down)?
Sort them according to the type of transformation.

Friezes

Invite students to use rotations or translations to create a decorative border for
a bulletin board using potato prints on a paper strip. Ask: What information
would you need to include if you wanted another class to use your potatoes to
make a frieze exactly the same? What information would you need to tell them
if you used translations? What information would you need to tell them if you
used rotations? Did you rotate it a full turn or a half turn?

Tessellate

Invite students to each choose a regular polygon (See Appendix: Line Masters
11 and 12) to cover a given area of paper. When the paper is covered, ask:
Did the figure you chose fit with no gaps? Which figures left gaps? Encourage
students to look at each other’s work and make a class list of the figures they
have found that will and won't tessellate. Ask: What did you learn about figures
that tile? What figures won't tile? Why do you think they won't tile?

Stacks

Invite students to think of ways to stack the class stock of tissue boxes so
that there are no gaps. Encourage them to take turns to add a box to the stack.
Ask each student to predict where their box will fit. Ask: Are there different
places it could go? How could the boxes be packed to create a strong stack?
Which arrangement makes the tallest stack? Which one makes the smallest
stack?

Rotating Designs

Have students each fold a piece of paper in quarters, open it out and pin it to
a board through the centre. Invite them to print in each square
by stamping in the same position while rotating the paper. Ask: @ 3 @
What else can you see around the room that matches this type

of pattern making? How is the fan the same as the pattern? 3

How is it different? @ | @
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K-Grade 3: % % % Major Focus

Potato Prints

Ask students to cut a simple stamp from a potato and use it to make a pattern
by rotating and translating the stamp. Have them look at the prints one at
a time and say how the printmaker moved the potato stamp to create the
pattern. Encourage students to use their own language to describe the direction
and the amount of turn. Ask: How did Jan move his stamp from here to here to
make this pattern? Did he rotate the stamp? Did he move it in a straight line
across the page?

Rubbings

Take students on a tessellation hunt around the school to make rubbings of
tessellated areas (e.g., brick walls, paved and tiled surfaces, security screens,
grates, floorboards). Display the shapes and invite students to decide which
shapes are more likely to tessellate and how they could tell by “just looking.”
Ask: Which shapes seem to be the most common in our rubbings? Encourage
students to decide on a general statement about the types of shapes that
tessellate. For example, We found lots of examples of squares and rectangles
tessellating, but not many examples of triangles tessellating.

Leaves and Coins

Invite students to create rubbings of flat objects (e.g., leaves, coins) and
compare the object to the picture. Ask: How is the picture the same or different
from the original? Encourage students to create a pattern from their rubbings
using a series of translations. Ask: How did you need to move your picture to
create the pattern? Could you have used a different movement to create the same
pattern?
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Sample Learning Activities

Grades 3-5: * % % Major Focus

Pentominoes

Ask students to explore how many different pentominoes (figures with five
squares joined along the edges) they can make using grid paper (See Appendix:
Line Master 2) or a drawing program on a computer. Invite them to compare with
a partner to see if they have different ones. Encourage them to check by turning
and flipping the shapes to make sure that they are not a transformation of
another shape. Ask: Is this pentomino the same as this one if you turn it over?
How can you be sure it is not the same arrangement of squares?

Shadow Puppets
Extend Shadow Puppets, page 132, by listing suggestions students give for
directions and movements of a puppet character. For example:

1 Place the hen in the basket under the table.
2 Slide her past the leg of the table then...
3 Flip her sideways to show she has gone the other way.

4 Slide the hen up then rotate her to show her looking for an egg.

Border Pattern

Have students create and explain movements required to produce a border
pattern around a picture frame. For example, invite students to choose from a
selection of small objects (e.g., Pattern Blocks, cubes, tiles) to use as templates.
Have them use their objects to make a border pattern around the edge of a
frame. Encourage students to show and describe how they made their pattern.
Ask: How did you need to move your Pattern Block to get this part of your
border pattern?

Guessing Game

Extend Border Pattern, above, by having a partner examine the completed
pattern and say which transformation or transformations were used to create the
pattern. Ask: How did your partner move their figure to create this pattern? Is
it possible to use a different movement to get the same pattern?

Rotation

Have students pin a template of a shape (e.g., a book character, a hammer, a
frog) at its top and trace around it. Invite them to rotate the shape a quarter
turn and trace it again and repeat until the paper is filled. Ask: Does the shape
change size? Does it change shape? What was it that changed? How has the
location of the shape been decided? Where is the point of rotation? Encourage
students to identify the point of rotation in the pictures of others.
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Grades 3-5: % % Major Focus

Pattern Units

Ask students to collect a class set of border patterns from greeting cards,
computer graphic programs, line masters, certificates, or book covers. Invite them
to examine each pattern for the “pattern unit” and describe how that unit is
transformed around the entire frame. Ask: Which part of the pattern is used to
make the whole pattern? How is this part moved?

Strip Pattern

Invite students to use Pattern Blocks to design and record a strip pattern using
one shape in a series of transformations. Have them take turns to describe
their pattern for a partner to create the same pattern. Encourage students to
compare the two patterns and discuss how different words could have been
used to explain the design. List the words that are helpful in describing the
movement and location of shapes.

Transformation Puzzle

Give students a 2 x 4 grid (See Appendix: Line Master 5) with each cell numbered
in sequence and a template of an irregular figure (e.g., animal, toy). Explain that
they are going to create a transformation puzzle. Ask them to trace around the
template in cell number one, then move the template from cell to cell in turn,
either translating, rotating, or reflecting it in some way until cell number eight,
where it is traced around in its final position. Have them record each
transformation on a separate piece of paper. Invite students to swap grids and
try to work out and list the sequence of movements used to get the template
from the first to the final position. Compare their records of the transformations
with the original and see how they are the same and how they are different. Ask:
What different ways could you move the template to its new position?

1 2 3 4 2 Quarter turn to right
3 Reflect right
4 Rotate quarter turn left

5 Translate down

6 Relfect down

7 Rotate quarter turn left
8 Reflect left

Triangle Puzzles

Have students make six coloured copies of an equilateral triangle and arrange
them to create a pattern. Invite them to glue them onto card for their partner
to copy. Have their partner trace around the outline of one of the triangles in
the pattern and try to recreate the pattern by moving and tracing around this
one triangle. Ask: How did you move the triangle to draw the second (third,
fourth, fifth, sixth) triangle in the pattern?
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Paving Tiles

Invite students to design a new paving brick by cutting a four-sided shape
that is not a square or rectangle. Have them use this shape to create a tile
pattern to cover a given area and explain the transformations they used to
create the pattern. Ask: How do you need to move your four-sided figure to make
it tessellate? Is the way you have moved your figure the same as anyone else’s
pattern?

Tile Pattern

Have students construct a pattern on a tile measuring 9 cm by 9 cm by marking
dots 3 cm apart on each edge and then joining the dots in some way. Then
have them make 5 more tiles exactly the same. Invite students to arrange them
in a 2 x 3 array to make a pattern. Ask: Are the squares a translation, rotation,
or reflection of the original?

1D =

1 1
Amusement Rides

Show students videos of amusement rides (e.g., merry-go-round, roller coaster)
and ask them to identify the sequence of transformations of the cars (seats,
horses) during the rides. Invite students to describe the movements and
repetitions of movements that make up the whole ride. Ask: How do the horses

on the merry-go-round move? Do the cars on the merry-go-round move in the
same way?
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Grades 3-5: % % Major Focus

Scotty Dogs

Invite students to create border patterns, first by translating a square-shaped
template cut out of a piece of card and then an irreqgular-shaped template,
such as the dogs below. Ask: What is different about translating the two shapes?
Why is it easier to make a pattern with the square-shaped template? What
would you need to say about translating the second shape if you wanted
someone to produce the same pattern? (The first shape has a border that you
could butt up against; the second shape doesn't.)

Rotational Border

Extend Scotty Dogs, above, by using the two templates to produce a rotational
border pattern. Ask: What are the effects of quarter turns or half turns on each
of the templates? What are some other turns you could use? What are the
different ways you can describe the amount of these turns?

Rotate and Reflect on Computer

Have students use rotate and reflect tools on computer drawing programs such
as MS Word™ or Kid Pix®to create and colour a design based on a chosen sticker
or picture. As a class, ask students to identify the transformations used in each
other’s designs.

Patterns in the World

Ask students to investigate patterns and
arrangements in the world around them and
identify the repeating component part (e.g.,
reinforcing beams in the roof of the
undercover area, honeycomb cells in
beehives, bricks in the wall, pipes stacked
on the back of a truck). Encourage students
to draw their favourite example and present
it to the class, explaining how the smaller
shapes are used to construct the larger one.
Ask: Is the repeating part translated, rotated,
or reflected?
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Sample Learning Activities

Grades 5-8: * % Major Focus

Transformation Chart

Have students build up a class chart that categorizes human and machinery
movements as transformations (e.g., a crane movement taking a container from
a ship to the wharf, using a can opener, using a hammer). Ask: Which
movements are used? Why? What part of the machine moves? What part doesn't
move? Are there different types of movements within the one machine? (e.g.,
the can opener uses rotation and translation)

Hexomino Pairs

This is a game for two players. Have students use grid paper (See Appendix: Line
Master 2) to draw and cut out a collection of pentominoes (figures with five
squares joined along the edges) or hexominoes (figures with six squares joined
along the edges). Have one student in each pair describe the transformations
needed to superimpose one of their pentominoes (or hexominoes) onto one
of their partner’s; for example, If I rotate my shape 90°, translate it, and then
reflect it, it will sit on top of yours. Encourage them to try it out. If it works, that
student “wins” the congruent pair. Ask: How can you make it more difficult
for your partner to match your figures?

Border Pattern

Extend Border Pattern, page 135, by having students use one object to create
a border pattern and then explain the movements required to produce their
pattern. Ask: How did you need to move the object to create this pattern?
Could you have used a series of different movements and created the same
pattern? How can different movements create the same pattern?

Shape Shifter

Ask students to trace around a figure (e.g., parallelogram), transform it several
times, recording in words which transformations they have used, and then
trace the finishing position. Have them swap with a partner and work out what
transformations could have been used to move their partner’s figure from its
original position to its final position. List the transformations
that resulted in the same end position. Ask: Are there any other possible
transformations that would give the same ending position? Encourage pairs of
students to share what they have found out with the rest of the class; for
example, Tom reflected the rhombus from top to bottom, but Su-Lin rotated
the rhombus 90° clockwise, and then rotated it 90° again to superimpose
the figure.
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Grades 5-8: * % % Major Focus

Centre of Rotation

Have students identify objects that turn (e.g., windmill, doorknob, wing nut,
door) and locate the centre of rotation for each. As a class, identify things
that have the axis (line) of rotation in the centre of the object and those that
have the axis (line) on the edge. Ask: When you compare the axis of rotation of
the door with the wing nut, how are they different?

Using the Mira
Have students create simple card designs using a Mira on the diagonal. Ask
them to rule faint lines across the diagonals and
draw a picture such as a Christmas tree into the
section on the left-hand side. Then have them place
the Mira onto the diagonal line and trace the
reflection. Repeat until four images are drawn.
Encourage them to compare each of the images.
Ask: How are they the same? How are they different?
How are the images different from designs where
the Mira is placed on the horizontal or vertical?

Categorizing Transformations

Have students cut out examples of transformations from newspapers and
magazines (e.g., company logos, designs, patterns). Invite them to write
a description of the transformations involved and then sort them into categories.
Ask: Could the designs in the “rotation then reflection” category be placed in
the same category as those in the “reflection then rotation” category? Why? Why
not?

Re-creating Border Patterns
Invite students to select a pattern from a collection of border patterns, trace the
pattern unit or motif, and record in words how that unit is transformed.

X XXX XXXX

O O O mpougugng
DT ouoRonon

Ask them to swap with a partner and use the tracing and the description to
re-create and draw the border. Encourage partners to compare re-creations with
the original borders and explain any differences. Ask: Was there enough
information? What other information would be required to re-create the original
design? Was it necessary to describe the distance between figures? Did you
need to be more specific about the distance between the figures or the amount
of turn or both?
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Tessellation

Have students create and describe a tessellating pattern. For example, say:
Imagine you are a bricklayer and have to describe brick paving patterns to a
client. Draw two different patterns you could show them using a brick. Have
students draw a rectangle 4 cm by 2 cm to use as a template or to make
multiple copies to make the pattern. Ask: How many different patterns are
possible using this one shape? What different transformations are possible?
Which different combinations of transformations are possible?

Three Tessellating Tiles

Give students three square tiles. Ask them to cut a section out of one square and
translate the cut piece to the other side. Then have them cut out a section
from a second square and reflect it to the other side, and with a third square,
cut out a section and rotate it to an adjacent side. (See Background Notes,
page 112.) Invite students to create three different tessellating patterns by
moving each new figure. Ask: Which movements do you need to use for each of
the tessellating patterns? Can you use translation or rotation to make the
figure you made by reflection tessellate? Why not? What do you notice about
the transformations needed to create each figure and the movements needed to
tessellate it?

Scalene Triangle

Have students create a template of a single scalene triangle and investigate
how it can be used to tessellate. Encourage them to identify and describe the
transformations used to tessellate the figure so that someone else can follow
their directions. Ask: Why do scalene triangles tessellate?

Quadrilaterals

Ask: Do all quadrilaterals tessellate? Encourage students to investigate
and decide whether they do or not and give reasons for their response. If
students find a particular quadrilateral is difficult to tessellate, ask: Which
transformations have you tried? Have you tried translation (reflection, rotation)?

Paper Square

Extend Quadrilaterals, above, by having students tear a paper square into four
parts, ensuring that each part has a corner, then join all of the corners. Ask them
to work out the total measurement of the angles in the centre of the figure. Try
this with a range of other quadrilaterals. Ask: Do the corners of these
quadrilateral shapes fit around a central point in a similar way? Does this help
us know whether the shapes we began with can be used to make a tessellating
pattern?
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Grades 5-8: * % % Major Focus

Tangrams 1

Invite partners to create a barrier (e.g., a large book) between them. Have one
partner create a tangram design and explain to the other partner how to create
the design. Ask the other partner to move the tangram pieces according to the
instructions. Both students should be able to see what is being created, but only
the person giving the instructions should see the original design. Ask: Why is
the second design so different from the first? What instructions and words
could we use to make sure they are exactly the same? Have partners reverse roles
and repeat the activity.

Tangrams 2

Have students describe the movements required to modify one tangram design
to make another. For example, invite students to create a tangram design (e.g.,
rabbit) and glue this onto one half of a piece of card and then create a modified
version and glue this version onto the other side of the card. Have students show
their partner the original version and ask their partners to create it with another
tangram set. Then have students (while looking at their modified version) give
their partner instructions on how to move each piece to make the modified
version. Ask: Is your design the same as your partner's? What instructions and
words could we use to make sure they are exactly the same? (See Case Study 1,
opposite.)

Irregular Figures

Have students use templates of irregular figures (e.g., pine tree, hammer, vase
of flowers) to produce a translating pattern on a card. Say: Describe your
pattern so that someone else could make it. Ask: Why is their pattern not the
same as yours? Did you include information about distance between figures? Did
you include information about the direction of the pattern? How do you describe
a pattern that is translated on a diagonal, not simply vertical or horizontal
translation? Draw out that they would need to describe the angle of the
translation as well as the distance.

Dynamic Geometry on a Computer

Invite students to use dynamic geometry software, such as The Geometer's
Sketchpad®, to draw, rotate, reflect, and translate figures. Have them drag
various vertices of the figures with the cursor to explore the properties of each
transformation. Ask students to use the transformations to create designs and
animations and then indentify the ones used in each other’s designs.
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CASE STUDY 1

Sample Learning Activity: Grades 5-8—Tangrams 2, page 142

Key Understanding: We can move things around by reflecting, translating,
and rotating. These do not change size or shape.

Working Towards: Describing and Analyzing phases

TEACHING PURPOSE

I had noticed that the students in my Grade 5 class were quite competent at
describing which transformations they had used to create symmetrical patterns
but did not use specific language to describe the distance, orientation, or
position of the shapes. Therefore, I decided to use a barrier game to encourage
them to think about using this language.

CONNECTING AND CHALLENGE

The students had been using tangrams to make animals in various poses, so I
asked them to choose one animal and create two different poses of it using all
of their tangram pieces. They then folded a sheet of card in half and glued
the two poses on, one on either side of the fold line.

Students then took turns to play a barrier game in pairs. One partner folded back
their second animal pose so that it could not be seen and both partners copied
the first pose with a tangram set. When this was done, they created
a barrier between them, and the first partner gave instructions for the other
partner to change the pieces in the first pose to create the second pose.

Tangram set First pose Second pose
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My Grade 5 students had experience using the terms “slide” (translate), “flip”
(reflect), and “turn” (rotate) in various other activities, and I encouraged them
to use these terms when they were talking about what they were doing with the
tangram pieces to make and change their shapes. For the two rabbits in the
diagram example, this is what I heard several students say they did to change
the first pose into the second pose.

“I flipped the big triangles and the rabbit is looking the other way.”

“T had to slide the end of his leg and turn it round to make a tail.”

“The ears stayed nearly the same, just turned them a bit.”

“Slide the head over to the left a bit.”

“And the leg just has to turn a bit, too. It has to touch the body properly.”

When the students compared the result, they found that most of the shapes
appeared different.

“Why are the shapes so different?” I asked.

I wanted them to realize that they had not been specific enough in their
instructions. The students who had followed the instructions were quick to
point out to their partners why the shapes were in different positions.

“You only said to slide it across. How was I supposed to know that you meant
for it to go there?”

“I turned this ear, but you didnt say how much to turn it.”

I decided to harness these conversations, so I asked, “What detail did you need
to know to be able to get the shapes in the right position? Work with your
partner to create a list of the sorts of things that would have helped.”

As the pairs worked to create these lists, I noticed that some students did not
consider angle, for example, in their discussion. So when they were finished, I
asked the students to get into bigger groups to share their lists.

DRAWING OUT THE MATHEMATICS

Then it was time to do a whole class discussion, so I asked a student from
each group to share their final list. As they talked, I wrote key words on the
board and, after all of the groups had shared their ideas, I drew attention to
these words.
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Go up by 6% cm. Turn it half of 90°.

Slide it up fo the left. Do a right angle turn.
Turn it fo the right. Near the top.
Slide in a straight line. Turn to left.

Move it 8 cm from the fold. Middle of top part of the triangle.

To the left of the square. Flip it on a diagonal.

Turn it 90°. Slide it down to the right.

“Could we group these words in any way?” I asked. “For example, I can see
“turn it left” and “turn it 90 degrees’ here—both of these are about changing the
angle of the shape.” Then the class worked systematically through the list so
that students could see the groups of words they might use to describe the
distance, position, orientation, and angle of the transformations.

It was then time to resume the game, this time with the students using all of
the new language. I noticed that when a student gave an instruction such as
“Slide the triangle over and turn it,” their partner’s response was, “How much?”
This prompted the students to refer to the words on the board and attempt
to be more precise.
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Some transformations, such as enlargement, change size but
leave shape unchanged. Others change shape and size.

There are many types of spatial transformation. As described in Key
Understanding 2 on page 130, some keep both size and shape unchanged.
Others keep the shape of figures and objects the same, but change their size.
The latter transformations produce a scaled version of the original figure or
object. All the angle sizes remain the same, but the length of the sides are
scaled either up or down. We tend to think about such transformations all
under the one heading of enlargement, also known as dilation or dilatation
(which also includes reduction). They are the basis of such technology as
cameras and projectors, the production of scale drawings and models, and
our understanding of the behaviour of certain plants and animals.

Initially, students should investigate enlargements and reductions
in a general way; saying that under the magnifying glass the object looks the
same shape but larger, for example, and that their bookmark school
photograph is the same but smaller than the regular one. Older students
should analyze what changes and what stays the same. They might, for
example, compare lengths and angles of matching parts of a drawing and an
enlargement of the drawing. During the primary and junior grades, students
should also learn to produce enlargements of simple shapes using grids and
other strategies.

Other transformations may distort both shape and size. There are many
such transformations, each serving its own purposes. There are the
transformations that represent 3-D space on a 2-D surface, for example, as
described in Represent Shape, Key Understanding 3, on page 98, and
Represent Location, Key Understanding 2, on page 40. These include a
perspective drawing of an object and the wide variety of different map
projections of the earth (e.g., Mercator projection). Drawing on a rubber
sheet and then stretching it produces its own transformation, generally called
“topological.” Such transformations preserve “betweenness” and order, but not
distance or direction. The networks described in Represent Location, Key
Understanding 2, on page 40 are of this kind. Students can use projected
images, shadow shapes, computer graphics, and grids to investigate a variety
of transformations, thinking about which features are maintained and which
are distorted. They should at least understand that there are many ways we
transform figures and objects, for a variety of purposes.
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Links to the Phases

Phase Students who are through this phase. . .

Analyzing attend to shape, structure, and scale in making recognizable
models of things (e.g., television set, soccer field)

Relating can use a grid to enlarge or reduce a figure (to a whole number
and unit fraction scale) and to make distortions (e.g., double
widths but not heights)
can enlarge models made with cubes to a small whole number
scale
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Sample Learning Activities

K-Grade 3: x Introduction, Consolidation or Extension

Tangrams

Have students copy a tangram picture using a different-sized set of tangram
pieces. Ask: How is your picture different from the picture you copied? Are the
pieces the same shape as those in the picture? What is different about them?

Sets

Give students sets of objects graduated in size (e.g., mixing bowls, pots and
pans, dinner set, groceries, stationery, panda bears) for imitative free play.
Focus the discussion on “exactly the same shape but different sizes.” Ask: How
are these the same? How are they different? Help students use comparative
adjectives (e.g., tall, taller, tallest, wide, wider, widest) to name the sizes of the
bowls.

Same and Different

Give students objects that are the same but vary in size (e.g., a baby's shoe, a
student’s shoe, and an adult’s shoe; a Grade 1 chair, a Grade 4 chair, and a
Grade 7 chair). Focus the students’ attention on what is the same about these
objects (the shape) and what is different (the size).

The Three Bears

When students are illustrating stories such as The Three Bears, provide them
with a teddy bear to copy. Before drawing, focus the students on the shapes they
can see in the ears, face, body, and legs. Invite them to draw it as Father Bear
and see if it looks right. Then ask them to redraw it smaller to be Mother Bear
and smaller again to be Baby Bear. Ask: How have you changed the body to make
it look like it belongs to Mother Bear (Baby Bear)? What stayed the same?
What changed? Can you see which bear it is just by looking at the faces? How?

Enlarge a Drawing

Choose a student’s drawing, make an overhead transparency of the drawing,
and project the image onto paper. Ask the “artist” to trace around it and invite
students to compare the original drawing to the enlargement. Ask: What has
changed? Is there anything that has stayed the same? Can you think of another
way the drawing could have been made bigger?
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Mother and Baby

Show students mother and baby animal pictures and encourage them to describe
the differences between them. Ask: How can you tell this baby belongs to this
mother? Does the parent look exactly the same as the baby? Which parts of
the baby’s body will change the most?

Fish

Show students pictures of fish for them to talk about the basic shape. Ask:
What makes this a fish shape? Give students directions to follow to make a
fish shape on a geoboard. Invite each student to then move the elastic bands
to create a different type of fish. Ask: How is this fish different from the
original? Encourage students to draw diagrams of their distortions and display
them with photographs and pictures of fish.

Stretching

Invite students to use modelling clay or playdough to make models of 3-D
objects (e.g., cylinders, cubes, cones), then stretch the model or parts of the
model by gently squeezing, patting, pulling, or rolling. Encourage each student
to display their model and say how they changed the shape. Ask: Is your object
the same size? Is it the same shape? How has it changed?

Tracing

Provide students with a selection of pictures (e.g., from magazines, books)
and ask them to locate shapes that they know to be square, rectangular, and
circular in real life. Invite them to place a transparency over each and trace
around the shape. Say: This wheel is an ellipse in the picture. Is it an ellipse
in real life? How has the shape of the wheel changed?
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Sample Learning Activities

Grades 3-5: * & Important Focus

Photographs

When designing a newspaper page on the computer, encourage students to
reduce or enlarge scanned photographs. Ask: How is the scanned image different
from the original? What has remained the same?

Print

Have students investigate the page setup and icons on the computer to reduce
and enlarge print. Invite them to key in their name and address and print
several different-sized copies to use when deciding on a print size for publication.
Ask: Which tool is required to view the whole page? What effect does this have
on the size of the print? What effect does it have on the size of the page?
How can you enlarge the print so it is larger when actually printed?

Figures on a Grid

Provide students with figures on a grid that are enlargements or distortions of
each other. Ask them to circle the one that is the same shape, but bigger (the
enlargement). Ask: Why have you chosen that shape? How do you know it is the
same shape as the smaller one? Encourage them to discuss their choices; for
example, That one is not the same shape, it has been stretched. That one has been
squashed. Continue with a variety of simple, everyday shapes, encouraging
students to decide which are true scaled versions.
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Shadows

Invite students to draw around the shadows of geometric 3-D objects and
everyday objects (e.g., books, balls, hockey nets) to investigate changes in
the shape and size of the shadow. Ask: What happens to shadows of rectangular
and circular shapes when the object is tilted? How are the shadow shapes
different from the original shape? How can you change the size of the shadow?

Enlarging a Design

Ask students to use straight lines to draw a design onto 1-mm grid paper using
1-cm squares (See Appendix: Line Master 2). Have them then make a copy on
another 2-mm grid paper (See Appendix: Line Master 6) using 2-cm squares. Ask:
What has changed? What has stayed the same? Encourage students to compare
the lengths (including diagonals), areas, and angles.

Balloons

Invite students to draw a series of regular 2-D figures (e.g., square, pentagon,
hexagon) onto a balloon and then blow it up. Ask: What part of the shape
changed the most? How do the shapes change? What happens to the sides of
the shapes? Invite them to draw the shapes onto an inflated balloon and then
deflate it. Ask: What happens to the shapes when the air is let out?

Shadows Over Time

Have students investigate the distortions of shadows over a period of time.
For example, ask students to draw around the outside of another student’s
shadow onto the asphalt in the morning, and repeat the activity at noon and
again later in the day. Ask: How has your shadow changed during the day?
How is the size different? How is the shape different?

Model Square

Have students construct a square using straws or craft sticks and trace around
the inside. Invite them to distort the model by making it lean to one side and
trace around each new shape. Ask: How did the distortion change the shape?
What parts of the shape have stayed the same? Investigate other 2-D figures
and 3-D objects in a similar way.
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Sample Learning Activities

Grades 5-8: * & Important Focus

Area

Have students enlarge a picture photocopied onto square grid paper.
Ask: If you double the length of each side, what happens to the area? (It
quadruples.) What happens to the area when you triple the length of the sides?
How would the area change if you enlarged the dimensions four times? Draw out
that the lengths and areas change in a predictable way but the angles stay
the same.

3-D Objects

Have students enlarge or reduce simple 3-D objects made from cubes, ensuring
the “shape” of the object remains the same. Ask: What did you have to do to
make sure the shape remained the same? How can you enlarge the object so that
it is two (three, ten) times its original size? What happens to the length (width,
depth, volume) of the structure during any enlargement?
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Reductions

Guide students in making a series of reductions of a shape. For example, ask them
to draw a 6-cm square, draw the diagonals across the square, mark the diagonals
1 c¢cm (3 cm) in from the midpoint and join the points. Ask: How is the new
shape different from the original? Does the same thing happen to other regular
shapes (e.g., regular triangles or hexagons)?

Predicting Dimensions

Ask students to predict the dimensions of a simple figure after it has been
photocopied at 50 percent, 100 percent, or 200 percent of the original size, and
test their predictions using the photocopier. Ask: What would you key in if you
wanted your picture to be a quarter of the original size (three times the original
size)?

FSIMO08 | First Steps in Mathematics: Geometry and Space @@@@
BY NC ND

© Western Australian Minister for Education 2013. Published by Pearson Canada Inc.


http://creativecommons.org/licenses/by-nc-nd/3.0/

Images

Have students use a computer drawing program to create simple figures and
drawings. Invite them to predict how the image will change when it is dragged
from a corner or from the horizontal or vertical edge. Ask: Is this an enlargement
or a distortion? How do you know? What is the difference? Encourage them to
use height and width measurements to tell. Ask: Have both the length and
width been enlarged by the same proportion (e.g., doubled, or enlarged by
half as much? (enlargement) Has just either the length or the width been
enlarged? (distortion)

Changing Shape

Have students say what happens to the angles, lengths, and areas of shapes
when the two linear dimensions are changed by different amounts. For example,
ask students to make a straight line sketch of a fish on grid paper. Then have
them make the fish twice as long and twice as high. Encourage them to measure
various lengths on the two fish. Ask: How do matching lengths compare? Work
out the area of the body of each. How do they compare? Now have students
make another fish the same height as the original but twice as long. Ask: How
is the last fish the same or different to the original fish? How do matching
lengths compare? What happens to the area?

/ T

Flags

Have students draw a simple geometric design for a flag on a sheet of acetate,
project it on an overhead projector, and trace the copy. Invite them to compare
the original with the copy. Ask: What is the same? What is different? Consider
angles, lengths, and area. Pull the overhead projector so that it is at an angle
to the wall and the image is distorted. Ask: What is the same? What is different?
Again compare angles, lengths, and areas.

Cartoon Character

Have students enlarge their favourite cartoon character by using different-
sized grids (See Appendix: Line Masters 2 and 6) as an enlargement tool. Ask:
What size grid will you place over the original picture? How will you decide
on the grid size for the enlargement?
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Grades 5-8: * & Important Focus

Grid Picture

Invite students to draw small 2-D figures (e.g., squares, pentagons, octagons)
on a grid and use coordinate points to label the vertices of the shape. Have them
double the coordinate numbers at each vertex and use the new points to redraw
the shape. Ask: How many times bigger is the length of the sides (width, height,
area)? How many copies of the original shape will fit into the new shape? Has
anything else changed?

Elevation Plans

Extend Elevation Plans, page 110, by having students use cubes to construct a
building that doubles the dimensions of another student’s plan. Ask: Which
attributes have changed? Shape? Angle? Volume? Area?

Grid Variations

Have students produce variations of a grid with numbered x and y axes (e.g., a
4 X 4 grid [See Appendix: Line Master 7] enlarged, reduced, width halved but
not the height, one or both of the axes curved). Invite them to use the grids
to compare the changes to a simple picture when drawn on each grid using
the same coordinate points. Ask: Which drawings are distortions of the original?
Which are enlargements or reductions of the original? How did you tell the
difference?
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More Grid Variations

Extend Grid Variations, page 154, by experimenting with grids where the angle
of the axes is less than or more than 90°. Ask: How is this distorted figure
different from the original?

|~

Toy Car

To introduce the activity, say: Sam bought a toy car that had the scale written
on the package as 1:64. “That doesn’t sound right,” he said. Ask: How can
Sam check that the scale is correct? What should the length of the real car
be? What would the dimensions of the real windshield be?
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Symmetrical things have component parts which can be
matched by rotating, reflecting, or translating.

People appear to have a strong intuitive sense of symmetry, recognizing and
responding positively to it. Certainly it is the basis of a great deal of design.
Although we often associate the word “symmetry” with mirror symmetry,
there is a form of symmetry associated with each of the transformations
described in Key Understanding 2, page 130. Thus, we have translational
(or slide) symmetry, reflectional (or mirror) symmetry and rotational (or
turn) symmetry. Each of the transformations maintains shape and size, and
it is this property that makes symmetry possible. All symmetrical things have
congruent or identical units that can be matched in some way. We say that
a figure or object is symmetrical if a transformation exists that moves its
individual points or parts into a different position but leaves the whole thing
looking the same. Students should develop the following understandings.

Figure 1 has mirror symmetry because “flipping” it around

the mirror line would move each point to the other side

of the mirror but leave the overall picture looking the

same. That is, two “parts” can be matched by folding
Figure 1 along the mirror line.

Figure 2 has rotational symmetry. You could rotate the
picture a half turn, which would move each point (except
the centre) to another position, and yet the whole picture
would look the same. That is, parts can be matched by

. turning, or rotating about the centre.
Figure 2 & £

Figure 3 has translational symmetry, if we imagine it as a

&&&&& non-ending frieze. You could translate each part to
oo *** another position and yet the whole frieze would look the

Figure 3 same. That is, parts can be matched by translating along
a line.
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Students need structured experiences that progressively build up their
understanding of symmetry. For mirror symmetry, these might include:

e observing examples of things that are symmetrical in some way and
things that are not

¢ folding, measuring, and looking for symmetry

e discovering and explaining that matching parts of figures are the
same distance away from the mirror line

® investigating the symmetry properties of some regular shapes, such as
squares and equilateral triangles, and then the regular pentagon and
hexagon and other regular polygons

e constructing a concept map summarizing the symmetry properties
of regular shapes.

Links to the Phases

Phase

Recognizing

Students who are through this phase. . .

can use a fold line to produce a picture with reflection symmetry

Describing

can use a variety of means, including cut-out figures and flipping
and drawing around templates, to create symmetrical figure

can identify component parts that are symmetrical and justify this
by showing the movement required to place one part onto the
other

Analyzing

can reproduce the folds and cuts needed to make complex
symmetrical patterns, such as a frieze or a snowflake

can decide which transformations are involved in producing a
particular symmetrical pattern of arrangement

For example: A student may explain that a logo type will be
repeated each third turn—so it has rotational symmetry.

Relating

can use an appropriate grid to produce a specified symmetrical
shape (e.g., using circular grid paper to make a figure that has
rotational symmetry)
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Sample Learning Activities

K-Grade 3: % % Important Focus

Butterflies

Invite students to make butterfly pictures by placing blobs of different coloured
paint on one half of a sheet of paper, folding it, and then unfolding it. Ask: Are
the sides the same or different? Do the blobs of blue on this side match the blobs
of blue on the other side? Are they in the same place on each side? Are the green
blobs the same distance away from the fold?

Rotating Designs

Have students fold a piece of paper in quarters, open it out, and pin it to a board
through the centre. Invite them to print in each square by stamping
in the same position while rotating the paper. Ask: What else can you see
around the room that matches this type of pattern making? How is the fan the
same as the pattern? How is it different? What would we start with if we wanted
to make a fan pattern in the same way we made our stamp pattern? How would
we move the blade to make that pattern? How far do we have to turn the blade
before we stop and trace around it? Encourage students to collect other simple
examples of rotational objects or pictures and experiment with pinning a cut-
out of the component part to paper and then turning and tracing around the part
to produce the design.

Mini Beasts

Give students a collection of class drawings of mini beasts glued to card to
investigate the effects of reflection by using a Mira or mirror placed in different
positions on or near the mini beast. Say: Use the Mira (mirror) to make the
worm grow (a friend for the ant, a two-headed snail). Ask: What happened
each time? How does the picture in the Mira (mirror) match the drawing? Which
part of the drawing doubles?

Nonsense Animals

Have students use a Mira or
mirror to make nonsense
animals. Place the mirror in J \
different positions to create a

variety of different animals.

Encourage students to

describe to a partner how to )
create their animal, saying

how each part of the animal )
is made. J )
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Reflection Symmetry

Invite students to use a Mira or mirror to find which capital letters, numbers,
or signs have reflection symmetry. Have them write the numbers and letters on
some clear plastic and fold each to match the sides to show if they are
symmetrical and how they are symmetrical. Encourage students to compare
their decisions with their partner. Ask: Were there any letters that you could not
agree about? Why couldn’t you agree? Which letters had more than one line of
reflection symmetry? How do you know?

Body Symmetry

Have students investigate body symmetry by comparing one side of their body
to the other, using a mirror, photographs, handprints, or footprints. For example,
encourage students to find ways to place their hands to show different forms
of symmetry. Ask: What happens when you place one hand next to the other?
How would you move your hands to make that pattern? How are your hands
different? How are they the same? Could you use a mirror to make that same
arrangement?

Matching

Invite students to collect and investigate a variety of objects (e.g., leaves,
nuts, seeds) to see if the sides of the object mirror each other. Encourage them
to describe to a partner how the objects match and suggest ways to sort them.
Ask: Are there any objects that are the same on both sides except facing the
other way? Look at your leaf. Is it the same shape on both sides of the vein
going down the middle? How can you show that the sides match?

Folded Paper

Have students fold a piece of paper in half, cut a shape out from the folded edge,
then open out the paper. Ask: What do you notice about the hole you have
made? Look at the fold line. Is the hole on this side of this line the same as the
hole on that side? Encourage them to refold and cut out another piece. Ask:
What do you think it will look like when it is opened out? How far away from
the first fold line is this hole? What about its matching hole on the other side?
What would it look like if the paper was folded into quarters?

Turning Around
Invite students to think of ways they could turn figures (e.g., numbers, letters)
or objects (e.g., duster, chair) around so that their partner can't tell it has
been moved. Ask: Why does this one need a full turn? Why does this one only
need a half turn?
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Sample Learning Activities

Grades 3-5: * & Important Focus

Boxes and Lids

Give students a collection of boxes with lids to find out how a lid can be turned
to fit in a number of ways. Ask them to sort the boxes into groups according to
the number of times the lid can be turned. Ask: Which lids can only be placed
two ways to fit? What about a cylindrical box?

Reflection Symmetry

Extend Reflection Symmetry, page 159, by having students create words and
number sentences using only symmetrical letters numbers and signs. Ask: How
are the letters in your words symmetrical? Are there any letters that have more
than one kind of symmetry? Which are they? What kinds of symmetry do they
have?

Butterfly

Give students an outline of a butterfly on paper and invite them to create a
design on one wing, then swap the picture with a partner to complete as a
reflection. Ask: How could you check that the reflection is the same as the
original image? (Perhaps by folding and holding the paper up to the light.)

Tissue Paper

Have students write their name on tissue paper or tracing paper and experiment
with a Mira to make a variety of different reflections of it. Ask: How does the
placement of the Mira change the image? What happens if you place it at the
bottom next to the words (at the bottom away from the words, halfway across
the words)? Have students copy one of the reflected images and swap with a
partner to find where the line of symmetry has to be. Encourage students to fold
to verify.

Tile Pattern
Have students construct a pattern on a tile measuring 9 cm by 9 cm by marking dots
3 cm apart on each edge and then joining the dots in some way. Then have them

make five more tiles exactly the same and arrange
L_) L_D all six in a 2 x 3 array to make a pattern. Encourage

has been rotated in each other’s pattern. Ask: Why is

it that some rotations can be easily identified, while
others cannot? When you turn the tile, does it look
the same, or different?

students to rotate one tile 180°, and identify which
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Turning Things

Ask students to list the things they have turned during the day (e.g., door
handle, tap). Then have them draw a diagram of one of the things they
have turned, mark its point of rotation, and make a template. Invite them to
place the template over the original object and turn it around the point of
symmetry. Ask: In how many places in a full turn can this object be matched?
How do you know? Draw out that for some things there is an infinite number
of matching positions of symmetry and for others there is not.

Matches at infinite places Matches at eight places Matches at four places
in a full turn (matches in a full turn (matches in a full turn (matches
throughout the turn). every eighth of a turn). every quarter of a turn).

Construct Reflections

Have students construct a 3-D object using blocks and swap with a partner to
construct a reflection of the shape. Encourage them to check using a Mira or
mirror. Have students place the constructions 10 cm apart. Ask: Can you find the
plane of reflection between the two structures?

Pattern Blocks

Have students create an arrangement of Pattern Blocks on their desks and mark
a mirror or reflection line along one edge for someone else to complete the
reflection. Encourage them to check the position and orientation by measuring
the distance of vertices and lines from the mirror line.

Pattern Units

Ask students to identify the pattern unit in fabrics, wallpaper pictures, or
Escher designs and decide which transformations or lines of symmetry were
used to create the pattern. Ask: Where are the lines or points of symmetry?
Invite students to use a different basic unit but use the same transformations
to create a similar pattern or arrangement.

Exploring Reflections

Invite students to use a Mira in different positions and copy the reflections
of their name. Ask: How has the placement of the Mira changed the position of
the reflection? How could you move the reflection of your name further away
from the original? Which letters do not change when they are reflected?
Encourage students to create a design with their name and different reflections,
including some on the diagonal.
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Sample Learning Activities

Grades 5-8: * & Important Focus

Border Patterns

Have students use grid paper (See Appendix: Line Masters 2 and 6) to construct
two different border patterns from the one figure, one using translation and
one using reflection. Ask: How are the patterns different from each other?
Which figures would result in the same pattern? Why? (The figures themselves
have reflectional symmetry; e.g., square, circle.)

Quadrilaterals
Ask students to fold a range of different quadrilaterals and sort them onto
a chart showing their lines of symmetry: no lines, 1 line, 2 lines, 3 lines,
4 lines, more than 4 lines. Encourage them to say how they decided where each
figure belonged.

Logos and Crests

Invite students to look through newspapers and magazines to find symmetrical
company logos and crests and investigate which transformations produced each.
Devise a way to check. Ask: Which ones have reflectional symmetry? Which
ones have rotational symmetry? Are there designs that have both? Did you find
any that had translational symmetry?

Design Brief

Have students produce specified symmetrical designs from a given figure. For
example, ask them to design, using reflection, a floral border no wider than 3
cm around a piece of 8” x 11” paper. Invite them to use folded paper, circular
and square grid paper, or computer graphics. Encourage students to say what
movements they used to produce their particular design.

Regular Polygons

Give students a collection of regular polygons (See Appendix: Line Master 8) and
ask them to choose one and work out how many lines of symmetry it has. Then
ask them to explore the links between the number of lines of symmetry and
the number of matching positions in a full turn around the centre point. For
example, For a regular pentagon, I was able to find five lines of symmetry by
folding and I was also able to match it five times by turning it in 45° moves.
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Card Designs

Invite students to create simple card designs using a Mira on the diagonal.
Ask: How are the images different from designs where the Mira (the line of
symmetry) is placed on the horizontal or vertical? Encourage students to use the
Mira to move the line of symmetry into different orientations around the page
to create a design or pattern.

| \

Graphics Programs

Invite students to use a graphics program to make symmetrical designs using
rotation, reflection, and translation. Have a partner make the same pattern
using a different motif. Ask: What did you have to find out about the design
before you could reproduce it?

Venn Diagram

Have a large Venn diagram drawn on the floor and labelled “translation,”
“reflection,” and “rotation.” Ask students to sort a range of symmetrical objects
and patterns according to the type of symmetry. Ask: Where would you place a
pattern or a figure that has translation and reflection symmetry, but not
rotational symmetry? Where would you place a kite (patterned plate, glass,
plain T-shirt)?

Model of a Cube

Provide a collection of cubes made from modelling clay. Invite students to say how
a cube is symmetrical and then use fishing line to cut the cube to justify their
decision. Ask: How did you decide where to place the cut to produce the symmetry?
How many different planes of symmetry can you find in the cube? Repeat the
activity with other polyhedrons (e.g., prisms, cylinders, pyramids, cones).

Rotational Designs

Invite students to choose from Pattern Blocks, circular grid paper (See Appendix:
Line Master 9) and computer graphics to create rotational designs with varying
angles of turn. Have them swap their designs with a partner and decide how the
motif must be turned in order to recreate the design. Ask: How many degrees
did you need to turn the motif to make this design? Are there other designs that
use the same type of rotational symmetry as that one? How are they the same?
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Represent Transformation KU 4
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Know
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Grades 5-8: * & Important Focus

World Art

Invite students to research and collect examples of art and designs from around
the world that exhibit reflectional symmetry (e.g. Aboriginal rock art, First
Nations totem poles, Maori carvings, Italian sculpture, Escher designs). Encourage
them to examine differences between how the figure is reflected over the mirror
line. Ask: Are they reflected vertically or horizontally? Is the mirror line on an
angle? Is the figure next to or apart from the mirror line? Have students make
a display with written descriptions about the symmetry used in each.

Rotational Symmetry

Invite students to examine objects (e.g., patterned bowl, compact disc), patterns
(e.g., snowflake patterns on circular paper, borders of plates and bowls, patterns
in art), and arrangements (e.g., students sitting in a circle, block pentomino
made to look like a cross) that have rotational symmetry. Ask: How do you
know they have rotational symmetry? Draw out that they have rotational
symmetry if they can be turned and still look the same. Invite students to
describe the symmetry so someone else could sketch the placement of the
repeating figures. Ask: What information do you need to include if the person
is to produce the correct number of repeats? Draw out that the angle or amount
of turn needs to be provided. For example, My arrangement starts with a cube in
the middle and then has a cube joined to the centre cube at every 45° turn.

Often it is suggested that a picture (or a figure
or arrangement) is symmetrical if “it is the
same on both sides.” This is not a helpful
explanation of mirror symmetry, since the two
sides are usually different, being reflections
of each other. In Figure 1, the two parts are
the same, but the total picture does not have
mirror symmetry; in Figure 2, the two parts
are different (being reflections of each other)
but the whole picture is symmetrical.

Figure 2

FSIMO08 | First Steps in Mathematics: Geometry and Space @@@@
BY NC ND

© Western Australian Minister for Education 2013. Published by Pearson Canada Inc.


http://creativecommons.org/licenses/by-nc-nd/3.0/

CASE STUDY 2

Sample Learning Activity: K-Grade 3—Nonsense Animals, page 158

Key Understanding 4: Symmetrical things have component parts which
can be matched by rotating, reflecting, or translating.

Working Towards: Describing phase

TEACHING PURPOSE

My Grade 2 class had been working on nonsense poems in language so I thought
it was a good time to do some learning about symmetry by trying to create some
“nonsense” animals. The students seemed to use symmetry in their pictures
and pattern making, but I had not found the opportunity to talk about the
mathematics of this up till now.

ACTION TO DEVELOP FAMILIARITY WITH
THE MATERIALS

I gave each student a mirror and some pictures of animals from magazines and
colouring books so they could explore reflection symmetry. After they had a little
time to experiment on their own, I showed them how to change the image by
sliding the mirror's edge back and forth on the page. Once the students mastered
this basic process, they became very interested in the images they were
producing and tried to outdo each other in finding humorous and strange
animals.

“Look, I made a dog with a head each end.”

“T've got a baby monkey with no head and four legs and four arms.”

OPPORTUNITY TO FOCUS ON THE
MATHEMATICAL IDEA

I asked students to take particular notice of where they put the mirror on the
page to get each of their funny images, then to find their favourite image and
mark the line that they used to make it. I began using the terms “mirror line”
and “reflection line” to refer to the line where the mirror had been placed and
encouraged students to use these terms to describe the position of the mirror.
After they had marked in their line, I asked them to share their images with a
partner, explaining what their image should look like.

The students I listened to were talking about the whole image rather than how
the two parts of the image were the same, so I moved around to notice whether
the other conversations in the room were similar. This gave me enough
information to know that I needed to talk with the students about how the new
shape had two parts which were the same except facing in opposite directions.
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The terms “mirror
line” or “reflection
line” provide an
accurate way to say
where the mirror
should be placed. The
term “line of
symmetry” is used in
reference to the total
image.
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Represent Transformation KU 4

I wanted to make sure that they knew that the image they had created was
symmetrical.

“Tell your partner how your new image is different from the picture without
the mirror on it,” I suggested.

This prompted more discussion, but again the conversations were about things
like, “Well, this one is much fatter than without the mirror” or “My new animal
has four legs and the old one only had two legs.”

I decided that the students needed to make the second part of their image, to
see it flat rather than in the mirror, so I asked them to cut their picture along
the mirror line and glue it onto a piece of card. The next day, when the glue was
dry, I showed the students how to fold the piece of card along the mirror line
and to cut out the shape. After the students had done this, and flattened out
their nonsense animal, I asked them to look closely at the two parts and say
what was the same.

Cut out the picture along
the mirror line and
glue to a piece of card.

1
°
1
When it is dry, Open it up to check
fold on the mirror your "nonsense animal."

line and cut out.
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“Well, it has two legs on both sides and one head on both sides” was a
typical response.

“What do you need to do to your animal to make it the same on both sides?”

“Colour it in,” was the response.

DRAWING OUT THE MATHEMATICAL IDEA

“You have made an animal that is symmetrical,” I said, writing the word on the
board. “That means that both parts of the shape are the same but facing the
opposite way. Both parts of our animal have the same shape. We call this line
in the middle a line of symmetry.”

“Lots of things around us are symmetrical,” I went on. “If I drew an imaginary
line down the middle of my body, you would see that I am basically
symmetrical.”

I showed where the line would be with my hand. “See, one eye on each side,
half a mouth on each side, one arm and one leg on each side. Can you see
anything else in this room that is symmetrical, that has two parts that are
exactly the same but facing the opposite way?”

The students immediately started identifying things around them, such as the
window, their chair, the teddy bear in the corner, and so on. It seemed that most
students had the basic idea. The class had an art activity to get on with—
colouring in the other side of their nonsense animals—so I shifted the focus
of the activity back to this. I knew I would be able to discuss symmetry further
while they coloured. I also knew that their nonsense animal would no longer look
symmetrical when they had finished, but this would provide another opportunity
to talk about what made something symmetrical.
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Activities such as this
one help students to
develop a basic
understanding

of symmetry and how
it can be created by
reflecting shapes
across a line. Later,
students will come to
understand that the
reflected image is the
result of points on
either side of the line
of symmetry being
equidistant.

I planned to set up a
symmetry table,
initially with pictures
of animals for
students to make more
nonsense animals, but
later to include
challenges such as:

Use your mirror to

make:

1 The longest worm
Yyou can make.

2 The shortest worm
you can make.

3 The fattest worm
you can make.

4 The thinnest worm
Yyou can make.

5 A worm going round
a corner.

6 Two worms.
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Chapter 5

Reason Geometrically

Reason about shapes, transformations, and arrangements
to solve problems and justify solutions.

Overall Description

Students use conventional names (square, cylinder) and criteria (curved,
parallel), to describe and analyze two-dimensional and three-dimensional
shapes. They make general statements about the properties of shapes and
the relationships between them, including similarity and congruence. They
know, for example, that for a shape to be a square it must have four equal
angles as well as four equal sides, that if the two congruent diagonals of a
four-sided polygon bisect each other it must be a rectangle, and that prisms
always have two opposite faces that are congruent (that is, the faces have the
same shape and size). Further, they apply this knowledge to link the shape and
structure of objects to their function and hence to the problems of design. For
example, they explain why some shapes are not widely used as floor tiles,
why milk cartons are the shape they are, why some shapes are suitable for
building purposes and others not, and how the properties of the diagonals of
a rectangle enable builders to ensure that the corners of their structures are
right angled.

Students also describe the effect of transformations on shape, size, orientation,
and arrangement. Thus, they recognize the symmetries associated with
reflection, rotation, and translation in a wide range of contexts, such as
patchwork, designing clothes, crystal growth, and map projections. They
also enlarge and reduce shapes to plan and understand how the similarity
properties of enlargement and reduction enable us to produce such technology
as overhead projectors and photocopying machines and mathematical
techniques such as those of trigonometry.
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Reason Geometrically:
Key Understandings Overview

Teachers will need to plan learning experiences that include and develop
the following Key Understandings (KU), which underpin achievement of
this family of concepts. The learning experiences should connect to students’
current knowledge and understandings rather than to their grade level.

Things can be the same in some ways and different in
other ways. When we classify, we sort things into groups
that are the same in specified ways.

KU2 Thinking about shape can help us to understand
the way things work and fit together.

KU3 There are special words, phrases, and symbols
that help us to think about and describe the
shape and structure of things.

KU4 People have developed useful ways to classify
shapes. Knowing that a shape is one of the
standard types can tell us a lot about it.
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K-3 3-5 5-8

kx| kkk | xkx | K-Grade 3, page 174
Grades 3-5, page 177
Grades 5-8, page 180

*k *k* | **x | K-Grade 3, page 188
Grades 3-5, page 190
Grades 5-8, page 193

*k Kk «+4 | K-Grade 3, page 198
Grades 3-5, page 201
Grades 5-8, page 204

* % J Rk *kk K-Grade 3, page 212
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Grades 3-5, page 215
Grades 5-8, page 218

Key

* x x  Major Focus

* *

The development of this Key
Understanding is a major focus
of planned activities.

Important Focus

The development of this Key
Understanding is an important
focus of planned activities.

Introduction, Consolidation,
or Extension

Some activities may be planned
to introduce this Key
Understanding, to consolidate
it, or to extend its application.
The idea may also arise
incidentally in conversations
and routines that occur in the
classroom.
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Things can be the same in some ways and different in other ways.
When we classify, we sort things into groups that are the
same in specified ways.

Classification underlies almost all aspects of mathematics at some level. We
can classify numbers as odd or even. We group problems by the processes
involved in their solution, such as addition or subtraction, and classification
of data is a major outcome of the Data and Probability strand. It is included
here because of its particular significance for reasoning geometrically. A
number of ideas underlie classification:

¢ Two things may be alike in some respects and yet different in other
respects.

We often wish to focus on the likenesses while ignoring the differences.
We can sort according to whether things have a particular characteristic.
The same collection of things can be sorted in different ways.

Whether we think of things as belonging together will depend upon the
context and our purpose.

To develop increasingly sophisticated classification skills during Kindergarten
to Grade 3, students need to be engaged in sorting according to criteria
specified by others and in developing their own criteria.

Classifying according to criteria specified
by others

Students should learn to sort all of the items in the collection where it is
possible and use each of the criteria consistently and correctly. Sorting by
one criterion is likely to be easier than sorting by two or three or more. The
familiarity of the criteria, however, may be as significant an influence on
difficulty as the number of criteria, and familiarity relates to background
experiences including culture, language, and location. Students who
understand the idea of classification may be unable to classify by criteria
that they do not fully understand. Others with a good understanding of
particular criteria may not consistently stick to the rules in sorting things.
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Developing criteria for classification

Students should learn to think about whether their sorting criteria are
comprehensive enough to enable all the items to be put into one group or
another and whether they are clear (unambiguous) enough to enable a
decision to be made about where particular items go. This is not always as easy
as it appears and should receive continued attention as students proceed
from Kindergarten to Grade 3. We usually sort things for a reason, and
students should learn to think about whether their chosen criteria achieve
their purposes.

Activities should be provided that encourage and enable students to
focus on spatial characteristics. Classifications based on shape (how things
look and their properties), transformation (how things move or change),
and locations (where they are) should be included. Older students should
make general statements about what is common to the shapes or movements
in a collection. At times this will draw out the properties of conventional
classes of geometric shapes, such as circles or cylinders. At other times, this
may not lead to common classifications but may still be sensible (e.g., All these
shapes make good tiles. All these objects have the same area base and the same

height).

Links to the Phases
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Phase Students who are through this phase. . .

Emergent can talk about how two things they can see and touch are “alike”
and “different”

Recognizing can classify using one or two familiar and unambiguous spatial
and other criteria
can sort according to things that do have a familiar attribute
(e.g., These have points.) and things that do not (e.g., These
don’t have points.), with prompting

Describing can describe and compare objects, saying how they are alike or
different, and what characteristics they do and do not have
accept that the same collection can be sorted in different ways

Analyzing are aware that classification is purposeful and that sorting by
different criteria may tell us different things

Relating can infer common features that distinguish one class of things
from another and generate things that satisfy a particular set of
criteria
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Sample Learning Activities

K-Grade 3: % Important Focus

Alike and Different

Have students show a 3-D object (e.g., leaf, nut, rock) to a partner and ask
them to find another object like it. Encourage partners to work together to
describe all of the ways the two objects are alike and how they are different.

Comparing Shapes
Ask students to describe the things that are alike about two different objects
(e.g., square and rectangular blocks, two different types of flowers, toys,
pillows). Ask: How are the flowers alike? Is there anything else about the
flowers that is alike?

i
=
p 4
)
=
(]
O
=
)
()
=
(=)
()
(&)
c
o
(7]
(5°)
(<)
oz

Sorting Containers

Provide students with a collection of boxes and containers (e.g., toothpaste, salt,
cereal, cake mix, soup cans) and ask them to sort them into “ones that roll” and
“ones that do not roll” (“ones that stack” and “ones that do not stack,” “ones
that pack” and “ones that do not pack”) and say what it is about the boxes that
mean they can be sorted this way. Ask: What label would you give to this group
of boxes (containers)? Why have you included all of these boxes under this
label?

Object Families

Invite students to sort a variety of objects (e.g., marbles, buttons, shells) into
groups and give each group a “family” name such as “two holes” or “three
holes.” Ask: Why is this one in this family? How is it like the others in the
group? Why is this one in a group of its own? How come these can fit into
both groups at the same time? Which one belongs with these, but not with
these? Make a family group called “round buttons.” What other groups could
there be?

Building

Ask students to sort a collection of recycled materials into those that are useful
for building and those that are not. Encourage students to discuss reasons for
grouping them and then have them
construct a house and say whether
they have changed their minds
about the grouping. Ask: Why did
you change your mind about the
cardboard cylinder? Which group
does it belong to now?
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Storing Containers

Invite students to decide on ways to store empty packaging for 3-D construction
by sorting a pile of boxes, cylinders, and plastic containers into like groupings.
Encourage them to suggest which things belong together and why. Ask: Why do
these two things belong in the same group? Could this box go in the same
group as that box? What other packages might come tomorrow that will belong
in this group? Help students to regroup the materials based on different criteria
(e.g., how things move, how things stack, how many bases they have, whether
they are “inside” objects or “outside” objects).

What's Different?

Invite students to sort a collection of shells (leaves, seed pods, toys). Encourage
them to make general statements about how they are different and why. Focus
on the shapes, symmetrical and non-symmetrical parts, and where they are
located. Ask: Why have you grouped your shells in this way? What part of the
shells were you looking at in order to decide on your groups? How is this group
different from that group? How have you grouped your seed pods? How is each
group different from the others? Could we classify them in a different way
(e.g., where they are found on the plant)?

Shoeboxes

Give each student ten different things in a
shoebox. On different days, ask them to
sort the things according to different
criteria given (e.g., sort by shape on one
day, colour the next, size the next,
whether manufactured or natural the next).
Use the students’ suggestions for groupings
and include a group of things that “are
not.” Ask: How did your group change from
yesterday? Why have the things in the
groups changed?

Attribute Blocks

Give students attribute blocks to make an “attribute train.” Have one student
place a block down and the next student add a block with one attribute different
from the previous block. Blocks may be placed at either end of the train, or
branching off from the main train. The winner is the student who places all
blocks first. Ask: Why is it that you can place the blue, thin, large triangle
next to the blue, thin, small triangle? What is the same about these two shapes?
What is different?
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K-Grade 3: % % Important Focus

Sort by Location

Ask students to look around the classroom and list all the things that are above
the teacher’s desk, behind the door, lower than the chalkboard, inside, outside,
left of the lunch box, right of the lunch box. Ask: Could we classify things
around the classroom by where they are located? Have students write a list of
the items that can be classified as being lower than the chalkboard or higher
than the chalkboard. Ask: Why is it helpful to classify things by where they
are located? How might we use this classification? Draw out that this might be
helpful when giving or receiving directions on where to find things.

Everyday Objects

Invite students to choose everyday objects (e.g., blocks, toys, dishes, food
packages, their hands) to use as templates to make patterns or drawings. Ask:
Which kinds of objects are easy to draw around and which are not? Which
different objects make the same figure?
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Collage

Have students make collage pictures of an object by combining parts of
other objects that are the same shape (e.g., a picture of a banana for hair, a
collection of hand pictures to make a tree canopy, pictures of pencils to make
a fence). Ask: What is it about the pencil that means you can use it to make a
fence? What part is the same and what part is different?

Sorting 0dds and Ends

Organize students into small groups and ask them to sort a collection of “odds
and ends” (e.g., left-over pieces of toys and games, leaves, shells) according to
which figure they most look like (e.g., square, ellipse, rhombus) and name each
category. Ask: What else can you see around the room that belongs in one of your
groups? Could it belong in another group? Why?
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Sample Learning Activities

Grades 3-5: % % Major Focus

Classrooms

Have students sort the classrooms according to their location. Ask: Whose class
will have the most time on the play equipment? Which class will get to the
lunch room Lline first if all students leave their rooms at the same time?

Animals

Have students sort a collection of plastic animals, or pictures of animals, saying
what each group has in common (e.g., they live on farms, they come from
Africa, they are mammals, they have four legs). Ask: Why are cats and dogs
in different groups? How are cats the same as dogs? How are cats different
from dogs?

More Animals

Extend Animals, above, by having students consider how their groups might
be combined to make larger groups. Ask: Could all of these animals go together
to be a group of reptiles? What name would you give your groups now?
Encourage students to compare their groups with standard scientific
classifications of animals. Ask: Could this group named “animals with fur or
hair” be renamed mammals? What do all primates have in common?

Food Groups

When creating a table of the different food groups (fruit and vegetables, cereals,
meat and protein, fats and oils, and dairy products), invite students to decide
how the foods in each group are alike. Ask: Why do the eggs belong in the
same group as meat? Why are fruit and vegetables in the same group rather than
in two different groups? Encourage them to add to the table foods they have
eaten. Ask: What foods would we add to the fruit and vegetable group? What
foods would we add to the dairy group? Where would we put chocolate cake?
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Grades 3-5: % % Major Focus

Guess My Figure

Have pairs of students make figure cards by drawing and naming 20 different
2-D figures between them. Invite them to share the cards evenly and spread the
cards out face up in front of them. Ask each student to choose a figure, write
its name down, and hide the piece of paper. Then have them take turns to ask
a question about the figure. For example, Has it got four sides? If the answer is
yes, then all figures without four sides are turned over. If the answer is no,
then all figures with four sides are turned over. Encourage them to take turns
asking questions until one student is able to identify the correct shape by
looking at the remaining card. Ask: Which clues were more helpful? Why?

Classifying Boxes and Cylinders

Invite students to classify a collection of boxes and cylinders. Have them
list all of the things that each group has in common and name the group.
Encourage students to compare their group names and listed characteristics.
Make a class list of the categories that have been used and invite students to
see if they can reclassify their collection based on spatial characteristics (e.g.,
boxes that are rectangular and those that are not, boxes that have one face that
is a square, boxes that are symmetrical). Ask: How can a box belong to more than
one group?
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Leaves, Flowers, and Fruit

Invite students to classify a variety of leaves, flowers, and fruit according to their
type of symmetry (line, rotation). Explore whether the leaves, flowers, and fruit
of a plant belong to the same group; that is, if the leaves have reflection
symmetry, do the flowers and the fruit? Encourage students then to reclassify
them according to other obvious characteristics of shape (e.g., long, thin
shapes; round, fat shapes). Ask: Did you have to move things after reclassifying?
Why? How was the final arrangement different from the first one?

Rotational symmetry Line (reflectional) symmetry Translational symmetry
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Recycled Material

Invite students to suggest a way of sorting a collection of recycled material
(e.g., cans, boxes, plastics, bottles) and then say whether they can place all of
their materials into the suggested groups. Ask: Do all paper-based products
belong in the same pile, or should we have one for newspaper and one for
cardboard?
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Sorting Objects

Ask students to sort a collection of 3-D objects (e.g., cans, boxes, plastics,
bottles) into two groups, then resort them into two groups and then resort
into two more groups. Ask: How can you sort this collection into just two
groups? Could you use a group that is “not plastic”? Draw out that to sort into
“having a certain characteristic” and “not having that characteristic” enables
you to sort a range of different objects into two groups. (See Case Study 1, page
183.)

Sorting Figures

Extend Sorting Objects, above, by giving students a collection of 2-D figures (e.g.,
squares, rectangles, quadrilaterals, triangles, hexagons, ellipses, circles). Ask
them to construct a tree diagram to show how objects can belong to different
groups. Invite students to draw a picture of each group and write an explanation
of what the figures in each group have in common. Encourage them to refer to
a math dictionary to find a name for each of their groups (e.g., polygon,
quadrilateral, rectangle, square).

2-D figures

Shapes with curves Figures with straight sides

Joined curved loop Curved and Three sided ﬁgures Four-sided figures  Five-sided figures Six-sided figures

| | straight sides | Q w D
Inside and  Only outside Q : B 4 Two sides parallel Q <:>
outside curves  curves p A ‘ | | O

| | Y <
A PN Two pairs of parallel sides

[~ .
@ O 0 </ | |
O O Angles notequal  All angles equal

r—1 1

Sorting by Tessellation

Have students sort a collection of figures (e.g., squares, rectangles,
quadrilaterals, triangles, hexagons, ellipses, circles) according to whether they
will or will not tessellate. Ask: What do you need to check for to see if a figure
will tessellate? Just by looking at them, can you sort the figures into three
groups: figures that must tessellate, figures that might tessellate, figures that
cannot tessellate? What is different about the figures that cannot tessellate?
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Sample Learning Activities

Grades 5-8: * k% Major Focus

Question Box

Invite students to sort questions from their class question box into categories
according to whether they can answer them from their own experience, from an
information source like a book or a website, or by gathering and producing
their own data. Encourage students to write the questions on cards, place the
cards onto a Venn diagram of the three options, and add to it over time. Ask:
Can some questions be answered in more than one way? How do you show that
on your diagram?
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Food Groups

Extend Food Groups, page 177, by having each student decide on their own
food groups and define what things will have in common within each group.
Invite them to list everything they eat and drink over a day and sort their list
into the groups to categorize what they ate and drank. Ask them to write a
definition for their categories and see if a partner can use the definitions to sort
the same list in the same way. Ask: Is it easy to sort the foods into these
groups, or do you need to define another group? How are these groups similar
to (different from) the standard food groups? Which way of grouping is the
most helpful in designing a healthy eating plan?

Classifying Data

Have students classify data in order to see a pattern or relationship. For example,
have each student write on a sticky label their age, gender, and how they get
to school. Invite them to examine the
raw data. Ask: What are the ways you
could sort the data? If you sorted
according to how you get to school,
could you re-sort your data into
different groups (e.g., by age)? How?
Can you group how you get to school
to get a better feel for the data? Do
different ways of sorting the data show
different things?

Sorting Cars

Ask students to sort pictures of similar products or objects (e.qg., cars, bicycles,
chairs, shoes, native animals) and use language to describe the spatial likenesses
and differences between them. Ask: What is the difference in shape between a
Volkswagen and a Mercedes (a mountain bike and a BMX bike, a kitchen chair
and a lounge chair, running shoes and basketball shoes, a buffalo and a deer)?
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Trapezoids and Triangles

Have students choose a figure or solid and give examples of it and examples that
are not it (e.g., figures that are trapezoids, figures that are not trapezoids,
objects that are cubes, objects that are not cubes). Invite them to swap with
a partner and give more examples in their partner’s categories (e.g., figures
that are triangles and figures that are not triangles). Ask: What is a trapezoid?
What is a triangle?

Venn Diagram

Have students sort patterns according to the transformations involved. For
example, draw a large Venn diagram labelled “reflection” and “rotation” on
the floor. Invite students to choose from a class collection of patterned objects
(e.g., patchwork, china, wrapping paper, fabrics). Encourage them to identify
the basic pattern motif and the transformations used to make the pattern and
then sort them accordingly. Ask: Where would you place a pattern or a figure
that has reflection symmetry but not rotational symmetry? What do all of the
patterns in each section have in common?

Quadrilaterals

Invite students to draw non-congruent (not the same shape or size)
quadrilaterals on 3 x 3 arrays of dots (16 are possible; See Appendix: Line
Master 10). Ask: What makes them different? How many different squares can
you draw? How are they the same? (They all have four sides and four corners.)
How are they different? (They vary in size, shape, position within the array
and orientation.) Invite students to cut out the figures and sort them according
to their own rule. Ask: Do your groups make sorting easy? Do you need to
make another group so that all items can be easily sorted?
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Grades 5-8: * % % Major Focus

Sorting by Rotational Symmetry
Have students sort figures (e.g., squares,
rectangles, quadrilaterals, triangles,
. hexagons, ellipses, circles) and, later, objects
(e.g., blocks, toys, dishes, tools) into those
N that have rotational symmetry and those
No rotational symme‘try that do not. With the figures that have
rotational symmetry, invite students to
reclassify them according to how much of a

VI::Z::IV . e turn each needs to go through in order to
° show that it is symmetrical. To find this out,
— have students trace the shape onto a
&ﬂg:i’u:igatﬂfn transparent sheet, put it on top of the sheet,
RN place a pin or pen in the centre and turn it

a quarter turn, a half turn, and a three-
quarter turn. Ask: Does the symmetry occur
at the quarter turn, the half turn, the three-

quarter turn, or at more than one position?
Do figures within the groups have other

i
=
p 4
)
=
(]
O
=
)
()
=
(=)
()
(&)
c
o
(7]
(5°)
Q
oz

Half turn only

Between’a quarter characteristics the same? Which groups do
&Z‘li,ﬂfgtﬁ‘fﬂ) all regular shapes fit into? Why?

Amusement Rides

Show students videos of amusement rides (e.g., merry-go-round, roller coaster)
and identify the sequence of transformations of the cars (seats, horses) during
the rides. Invite them to classify the rides according to the transformation in
each of the rides. Ask: If you get dizzy by going round and round, which rides
could you go on?

Grouping Triangles

Give students a geoboard to make a triangle, then make one that is different in
some way and then one that is different to the first two, and so on, using dot
paper (See Appendix: Line Master 10) to record as they go. Ask: How many
different triangles can you make? How are they different? Have students make
a template of each triangle and decide how they might sort them into groups
(e.g., by the number of congruent angles). Have them place the triangles into
their groups, compare their groups with others, and redefine their groups if
necessary to make the sorting easier. Ask them to write a description of
what the triangles in each group have in common. Ask: What do all of these
triangles in this group have in common? Do you have any triangles that have
three different-sized angles? Do you have any triangles that have two angles the
same size? Could you use this to group your triangles?
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CASE STUDY 1

Sample Learning Activity: Grades 3-5—Sorting Objects, page 179

Key Understanding 1: Things can be the same in some ways and different
in other ways. When we classify, we sort things into groups that are the
same in specified ways.

Working Towards: Describing phase

TEACHING PURPOSE

My Grade 3/4 class had recently investigated favourite lunches and had grappled
with the issues of organizing their data into categories. To develop their
classification skills, I planned an activity that would allow them to develop
their own sorting criteria based on the spatial characteristics of objects.

ACTION

I gave about 30 objects to each group of four students and asked them to
think about how they were the same and different.

I said, “If you had to sort all your objects into two boxes, what labels could you
put on the boxes to say, in just a few words, what was in each box?”

“We could have ‘plastic things’ in one box and ‘cardboard things’ in the other,”
suggested Toni.

“That wouldnt work,” commented Justin, “you’d need another box for the
wooden things.”

“Everything has to go into just two boxes, "I said, “so we might have to sort
them in a different way.”

“You could say ‘plastic things” on one box and ‘wooden and cardboard things’
on the other,” suggested Justin.

“But you'd have nowhere to put the metal cans,” I said, “they won't belong in
either box.”

“We could make it ‘plastic and metal’ and ‘wood and cardboard’,” said Phil.

“T know,” said Rani, “You could have “plastic things” in one box and ‘not plastic
things’ in the other, then everything that’s not plastic has a box.”

FSIMO08 | First Steps in Mathematics: Geometry and Space
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The 3-D objects
included a variety of
shapes and sizes of
prisms, pyramids,
spheres, cones, and
cylinders—commercial
plastic shapes,
cardboard boxes and
cylinders, ping pong
ball, tennis ball, cans,
cake pans, and timber
offcuts.
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At the Describing
phase, students will
describe and compare
objects saying how
they are alike or
different, as well as
what characteristics
they do and do not
have.
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I knew the idea of sorting by not having a characteristic was particularly difficult
for young students, so I had deliberately limited the sort to two categories to
make it more likely that students would need to deal with this idea.

Working in groups of four, students sorted their objects into two categories,
choosing their own sorting rule and category labels.

After the groups described their various sorting rules to the whole class,
I asked each group to split into two pairs. Each pair took one of the two sets
of previously sorted objects and separated them into a further two categories,
keeping their sorting rule a secret. When they had finished, they had to try
and guess, just by looking at the piles, the sorting rule (or category labels)
the other pair had chosen.

I then challenged each pair to carry out a further sort on each of their two
categories, so that each pair of students then had four piles. Again their partner
pair had to try and guess the sorting rules of the other pair.

DRAWING OUT THE MATHEMATICS

This process focused the students on the likenesses and differences of the
objects and created a need for them to notice and talk about various spatial
features, particularly in the final sort because the students had used more
obvious distinguishing features, such as colour and type of material from which
the objects were made, in their earlier sorts.

While they were working on the task, I was able to talk to individuals and
groups to help focus their attention on finer distinctions among objects that
share some common spatial characteristics.

“We can't sort this group, they're all triangles,” said Emma.

“What do you mean, ‘all triangles’?” I asked, to encourage Emma to refine her
language.

“Well, that one has got triangle sides and so has that one,” she explained,
as she pointed to a triangular prism and then to a square pyramid.

“Can you tell me how many triangular faces each object has?” I asked.

Emma and her partner decided the prism had two and the pyramid had four
triangular faces.

“Can you see another difference between the objects?” I prompted.

“This one has a pointy bit sticking up and the other one doesn’t,” noticed
Emma.

“That’s right,” I added, “the four triangular faces of the pyramid all meet at a
point at the top. Do the triangular faces of the prism meet at a point too?”

“No, it's got one triangle at this end and the other triangle at that end. It
hasn’t got a pointy bit at all, so they are different.”
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“So, look at these,” said Vivian, pointing to an ice-cream cone and a can
of soup. “They're different "cause the cone has one circle and the can has
two circles.”

“Yes,” T agreed, “when we think about shapes we can think about what they look
like. But we can also think about what they can do.”

“Like the can of soup will roll but the ice-cream cone won't?” queried Vivian.
“Yes, it will roll,” argued Emma, “but just around in a circle.”

“Well, that is what we'll say,” decided Vivian, “We’ll have one that rolls in a line
and one that rolls in a circle.”

REFLECTION

I asked the students to put their 30 objects back into one large collection
again and do another sort, this time using different categories. I was pleased
to observe that more used spatial characteristics in their initial sort and were
attempting to use spatial language to describe features they were now noticing.
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Thinking about shape can help us to understand the way things
work and fit together.

Both living and non-living things have characteristic shapes and structures
that often relate to their function or use. Furthermore, whether for practical,
religious, or decorative reasons, people use shapes and transformations of
shapes as the basis for design. During the primary grades, the emphasis should
be on exploration, both free and structured, of the students’ local environment
and objects within it. Building on this exploration and investigation, students
should begin to reason about and explain the function of shape and
transformation in their environment, which is the essence of this Key
Understanding.

Most young students come to school with a practical understanding of
shapes and their transformations. They stack the plates; play on swings, see-
saws, and slides; and build with construction materials. They should learn to
focus upon the shape of things and why and how they are used in the way they
are. Students may consider, for example, what it is about the sphere that
makes it good for ball games, and why plates are usually round, although
they need not be, and why people may find certain shapes pleasing and
others not. In making such generalizations, students should link shape
to function by considering how the shapes in natural and manufactured
objects relate to the way the objects were formed or are used (e.g., Why not
use squares for wheels? How can we make this stronger?)

Physical structures, whether a body, a plant, a machine, or a building,
are complex systems that are, at the one time, both a whole and a composition
of parts arranged together in some way with each part playing its role within
the whole. Students should learn to analyze structures into their component
parts, seeing how the parts function to support the whole. They should think
about why animals and plants have evolved into their characteristic shapes
and how simple machines are composed. They should use mathematics to
assist them in cross-curriculum activities that require them to design practical
and aesthetic objects, which may range from patchwork quilts to toys to
stage lighting.
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Links to the Phases

Phase Students who are through this phase. . .

Recognizing are starting to see a relationship between the shape and the
purpose of things
For example: A student will choose “round” (that is, circular)
things for wheels, because the wheels they have seen are that
shape. But they will also reject shapes that have corners as not
useful for wheels and try to explain why, perhaps by talking
about them “being bumpy.”

Describing can make things that meet simple requirements relating to shape
and structure
For example: A student may select one type of building material
and use it repeatedly to build a wall that will remain standing
when they remove and replace a “door” piece.
can link the shape and structure of familiar things to their
production and uses
For example: A student may compare milk jugs and milk cartons
and conjecture that differences in their shapes relate to the
materials used to make them.
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Analyzing may link features of structures, such as flexible
or rigid and fragile or strong, to the structures’ shapes and explain
why they think certain shapes will predominate in structures they
have yet to investigate, such as a gardener’s storage shed.
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Sample Learning Activities

K-Grade 3: % Important Focus

Ice-Cream Cones

Have students discuss the features of everyday objects that make them useful.
For example, show them an ice-cream cone and ask them to think about what
makes it useful for holding ice cream. Invite them to use a ball and a cone
and several different prisms (e.g., cube, rectangular prism, cylinder) to work out
why the cone is a useful shape. Ask: Why are some ice-cream cones made with
a flat bottom?

Rolling

Have students use flexible materials (e.g., paper, plastic straws, pipe cleaners)
and non-flexible materials (e.g., craft sticks, toothpicks, heavy card), to construct
an object, given specified criteria. For example, ask them to make something that
will roll. Encourage each student to select suitable material and construct a
shape they think will roll. Ask: Why does your shape do that? What other shapes
could do that also? What other materials could you use to make that shape?
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Containers and Lids

Invite one student to choose a container from a collection, keep it hidden,
and describe the shape of the lid it needs. Encourage another student to choose
an appropriate lid from the collection and test to see if it fits. Ask: Why did you
choose that lid? Ask students to describe the movement needed to fasten the
lid (e.g., turn around, slide on). Ask: What do you need to do to the lid to get
it off the container? How do you move it?

Mixed-Up World

Tell students stories about a mixed-up world where everything is made of

unusual shapes. Describe square-wheeled cars that nobody wants, tissue boxes

R and boats shaped like balls, triangular bicycle wheels, and so on. Invite the

) DJ students to contribute and weave their responses and suggestions into the
[=]

stories. Encourage them to make a model of one of these things made of unusual
shapes and explain why the shape is not functional. Ask: Which parts of the
shape make it not useful for that purpose?

Embedded Shapes

Show students large pictures of vehicles or buildings and name the shapes they
see embedded in the picture. Place a large sheet of clear plastic over the picture
for students to trace over parts of the vehicle or building to highlight the shape
(e.g., a circle over a wheel, a rectangle over a door). Ask: What is the shape?
Why has that shaped part been used?
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This Reminds Me of...

Invite students to choose a figure from a collection including ellipses, crescents,
and different types of triangles and rectangles and ask them to say what it
reminds them of. Model this for students. Say: This triangle reminds me of part
of the roof of a house. This crescent reminds me of the moon. Ask: If
you hold it pointing down, what does it remind you of? Why does this figure
remind you of part of a train? Have each student glue the figure to a blank
page and incorporate it into a drawing.

Friezes

Show students geometrically designed friezes from different architectural styles
and ask them to talk about which they think look good and why. Focus on the
different shapes they can see in the designs. Invite them to design their own
friezes, choosing the shapes they particularly like. Ask: What do you think it is
about that shape or pattern of shapes that makes it look good to you?

Models

Invite students to select the objects they will need to construct various models
(e.g., several different-shaped pieces of wood offcuts to make a train). Ask
them about the reasons for their choices. For example, ask: What made you
decide to choose the lids for your wheels? Where will they go on your model?

Model-Making Categories

Invite students to sort through containers of objects and separate the objects
into various model-making categories. Encourage them to label the groups
according to their uses. For example, These things make good wheels, these
make good flowerpots, these make good towers, these make good walls. Ask:
What sort of shapes would make good windows? Would these shapes also make
good walls? What could we call this group of things?

Photographs

Have students make a collection of photographs of natural objects (e.g.,
spider webs, honeycombs, shells, leaves, flowers). Invite them to make a
detailed drawing of one of them. Ask: What shapes did you notice? Why do
you think that shape has been used? Where else have you seen that shape
used?

Table Shapes

Invite students to draw the shape of their family’s dining or kitchen table.
Ask: Why do some people choose to use a round table? Discuss the shape of
different tables and the best uses for the different shaped tables. Ask: Does
anyone have a round table in a round room at home? Why not? How do you fit
visitors around your table? Does the shape of the table make a difference to
how many people can fit around it? What else affects how many people can sit
around a table?
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Sample Learning Activities

Grades 3-5: * & % Major Focus

Explaining Shapes

Supply students with objects and invite them to suggest why they are shaped
the way they are (e.g., a soother is moulded to fit a baby’s mouth; a plate is
created round on the potter’s wheel; a leaf shape protects the roots or directs
water to the roots). Ask: What is the object used for? Where is it used? How is
it used? What other shape could it be?

Circles

Have students find examples of manufactured circles and construct a chart to
show this shape in its environment. For example, one picture may show a car,
with the tire, hubcap, steering wheel, and headlights highlighted. Encourage
students to think about the function of each part and decide why a circle is the
best shape. Ask: Why is a circle the best shape to use for all of these things?
Would an ellipse work instead? Why? Why not?
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Cylindrical Shapes

Have students investigate cylindrical shapes to find out why they are commonly
used for packaging liquids, such as soft drinks. Ask: Why are cylindrical-shaped
bottles sometimes used for milk? Why is milk also packaged in cartons, and
some fruit drinks in rounded rectangular bottles? Draw out that these rectangular
shapes are for easy packing on supermarket shelves but cylinders are stronger
and use less material for the amount they contain.

Triangles 1

Invite students to use straws or similar construction materials to make a triangle,
a square, a pentagon, and a hexagon. Encourage them to compare each of the
shapes for rigidity by holding one of the sides and pushing one of the corners.
Ask: Which shape is the most rigid? Why? How can the other shapes be made
rigid? Where have triangles been used in the local environment? (bridges, sheds,
roofs, towers) Was each triangle necessary to provide rigidity to the structure?
Invite students to build a bridge or tower using triangles and test for rigidity.

Triangles 2
Extend Triangles 1, above. Have students investigate structures through history
that have been used to support weight. What shapes have been used? Why?
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Space Shapes

Have students draw the shape of the space needed for a variety of everyday
movements (e.g., swinging on a swing, riding a see-saw, skipping with a
skipping rope, swinging a t-ball bat or a tennis racket, the movement of a
windshield wiper, the amount of grass a tethered cow could graze). Ask: What
if the cow was tied to the corner of a building? What if the batter was not
allowed to move his or her feet? What if the skipping rope was longer? What is
it that all of these shapes have in common? (curved or circular shape) How is
it helpful to know the amount of space needed for everyday movements? Draw
out that considering the amount of space needed can help us to allow space for
these things to move safely.

Sports Fields

Invite students to draw the layout of different sports fields (e.g., baseball, football,
tennis, basketball). Ask: Why are these shapes used? Why do basketball courts
have a semicircle around the goal? (The points around the goal are all equidistant.)
Why not a square or any other shape? Do any other games use a semicircle around
the goal? Are any other shapes used around the goal? Why isn't a baseball track
round? (The shortest distance between two points is a straight line.)

Packaging

Invite students to design and make alternative forms of packaging for a breakfast
cereal that will appeal to consumers and be easy to stack on supermarket
shelves. Ask: What type of shapes would make it easy to stack? Which shapes
would be more difficult to stack? What shapes are most commonly used for
breakfast cereal? Could you modify this shape to make it more interesting but
still easy to stack?

Bricks

Give students rectangular blocks and invite them to explore the different ways
that bricks can be used to construct walls. Ask: How does the pattern affect the
stability of the wall? Give them cubes to construct a wall. Ask: Is the cube
wall as strong as the rectangular block wall? Why? Why not?

Homes

Help students find pictures of past and present homes from different countries and
cultures. Discuss the reasons for the choice of the basic shape of the structure and
what the advantages of that structure might be. Ask: Why are igloos round, or
dome-shaped, in the Canadian Arctic? Why might houses have very steep roofs in
alpine countries? Why might someone build a house on stilts?
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Grades 3-5: % % Major Focus

Decorations and Designs

Give students a range of geometrically based traditional decorations or designs
from various cultures or religions (e.g., Roman, Islamic, First Nations, Celtic,
Christian) and look for recurring shapes within and between the various groups.
Talk about why particular motifs might be chosen and which particular shapes
and arrangements are pleasing to the eye. Ask: Which shapes are used most
often in each of these designs? If you were to make a design to look like a
traditional Islamic design, what figures would you use and how might you
arrange them? Why?

Container with Lid

Invite students to design and make a container with a lid for a purpose of their
choice (e.g., pencil container, gift box). Encourage them to then draw a plan that
enables another to make the same container. Ask: What shapes are shown on the
plan? How would changing the shapes on the plan change the shape of the
container?
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Patchwork Quilt

Invite students to choose three different 2-D figures from a range of cardboard
templates and use the figures to design a patchwork quilt. Ask: Will your figures
fit together to make a design, or will they need to be altered to fit? What
changes will you need to make to get them to fit together? Are they still the
same three figures? Is the triangle still a triangle (the square still a square)?

Mosaics

Give students examples of tiling patterns used on bathroom floors or in mosaics.
Ask: What is it about the figures that means they can fit together? Compare
designs that use one figure with designs that use more than one figure. Ask: Why
do you think the designer uses different figures?

Animals and Plants

Invite students to find examples of animals and plants where shape plays
an important role in their adaptation to the environment or performs a special
function. For example, compare the surface area of leaves from desert plants and
plants that grow in temperate regions; the beaks of eagles and toucans; the feet
of different types of birds; the teeth of carnivores and herbivores. Ask: What is
the difference in the shape of the feet of different species of birds? Why might
water birds have webbed feet?
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Sample Learning Activities

Grades 5-8: * % Major Focus

Sticky Tape Dispensers

Have students consider the shape of a variety of different sticky tape dispensers.
Ask: How are they the same? How are they different? What parts of the dispenser
are essential? Which are not? Which parts could you change without changing
its function? Invite students to design a new sticky tape dispenser and develop
a marketing plan that tells why the new shape is better than the old one.
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Honeycomb

Invite students to identify the shapes within the structure of honeycomb.
Ask them to make a hexagonal prism and then a square prism from the same
sized rectangle of card. Encourage them to use sand to compare the volume of
the two containers. Ask: Which container holds the
greatest volume? Which container is the most rigid?
Which was the easiest to make? What other
examples of hexagons in nature can you think of?
(e.g., cracked mud, snowflakes, crystals) What
property of the hexagon makes it useful in each
situation? (They fit together, or tessellate.)

Bee Debate

Extend Honeycomb, above, by having students carry out a debate on behalf of
three bees. One bee wants to stay with hexagon-shaped cells, one wants square
cells, and one wants circular cells. Have them research their arguments for
each case and present as a debate. Ask: What is your honeycomb going to be
used for? What characteristics does good honeycomb need to have? How well
does your shape suit the purpose of honeycomb?

Skeleton Cube

Have students use rolled newspaper and masking tape to build
a skeleton cube the height of a desk. Ask: Would this support
your weight? How can you modify the cube to make it stronger?
(Add struts to form triangles.) What it is about the new
structure that makes it stronger?
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Grades 5-8: * % % Major Focus

Everyday Objects
Invite students to give reasons for the shapes of everyday objects (e.g., playing
cards, sink plugs, margarine containers, dinner plates). Ask: What would happen
if plugs were square? What if playing cards were round? Why do you think
particular shapes are chosen? What else would have to change if the shape of
a plug was square?

Why This Shape?

Extend Everyday Objects, above, by exploring the effect of having a neck on a
container of liquid? Invite students to investigate a range of containers for
pouring (e.g., teapot, milk carton with a spout, juice bottle, jug, eyedropper)
and consider how the shape affects its pouring function. Ask: Why is the spout
of a teapot much smaller than the neck of a juice bottle? How does the function
of the container affect the choice of the opening?
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Sports Fields

Invite students to use their knowledge of properties of shapes to solve problems.
For example, ask: What would be the effect of playing basketball on a triangular
court? (A rectangular court suits having a goal at each end; a triangular court
does not.) How does the shape of a tennis court affect the play? What about the
shape of a baseball diamond?

Puppet Theatre

Invite students to design practical and recreational objects, such as a milk
carton raft or a puppet theatre and puppets, from recycled materials (e.g.,
paper, cans, boxes, plastics, scraps of felt, scraps of fabric). Ask: Why did you
use felt for the trees? Why did you use that box for the bed? How did you try
to get perspective into your stage? In what way did your recycled material
determine the shape and structure of the theatre? How did the design of your
theatre affect your choice of puppets and props?

Architecture

Compare architectural designs from different historic periods (e.g., the Louvre
and the pyramid outside the Louvre) and decide which shapes relate to structure
and which to visual appeal. Explore the idea that architects sometimes emphasize
structural shapes in ways to add to visual appeal (e.g., Royal Ontario Museum).
At other times they cover up the shapes with decorations of different shapes
(e.g., cladding on skyscrapers). Give students reference material or access to the
Internet and encourage them to find examples of both approaches in buildings.
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Golden Rectangle

Invite students to investigate the history and origins of the “golden rectangle,”
using reference sources such as the Internet, encyclopedias, or texts such as The
Joy of Mathematics by Theoni Pappas. Identify golden rectangles in human-
made environments (e.g., the Parthenon) and natural environments (e.g., a
cow’s face) and art (e.g., Bathers by George Seurat). Discuss why this shape is
so pleasing. Encourage students to look for other things in their environment
that look good to them and see if there is a golden rectangle within the object
or picture. Ask: What are you looking for within this? To check, divide the
length by the width. If the answer is 1.618 (or close) it is a golden rectangle.

1]

The length of a golden rectangle is 1.618 times as long as its width.
If you cut a square from one end, you get another golden rectangle.
You can keep doing this and you will always end up with a golden rectangle.

Imaginary World

Invite students to imagine being in an imaginary world where there are no
parallel lines or parallel planes. Encourage them to make models of everyday
objects from that land. Ask: What problems might you face in this world?

Groups of People

Invite students to look for shapes in famous paintings of groups of people
(e.g., works by Rembrandt, Rubens, Leonardo Da Vinci). Ask: Which paintings
feature triangular shapes? Can you find rectangular or circular groupings? Why
do you think triangular groupings might be used? Invite students to experiment
with drawings or photography to set up different-shaped arrangements. Ask:
What is it about the shape that makes some groupings look more attractive
or interesting?

Tessellating Patterns

Invite students to design tessellating patterns using combinations of different
geometrically shaped templates. Have students cut sufficient shapes from
rolled-out clay to make a trivet or picture using this design, and then, after
baking and glazing, have them assemble it. Ask: Which combinations of figures
were most commonly used? What ways could they be used? Why are some
figures impossible to combine?
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There are special words, phrases, and symbols that help us to
think about and describe the shape and structure of things.

In order for students to learn to reason about shape and structure and hence
to solve spatial problems, they need to learn to “notice” shape and think of
it as something significant (as developed in Key Understanding 1, page 172,
and Key Understanding 2, page 186) and have appropriate vocabulary and
notations for describing it. Noticing and describing interact with and support
each other. Having ways of talking about features of things often helps us
to focus on them and remember them, but noticing things also causes us to
seek ways of talking about them. As students analyze likenesses and differences
(Key Understanding 1) and investigate shapes and structures (Key
Understanding 2), they should develop the special words, phrases, and
symbols needed to support their understanding. The focus of this Key
Understanding is on the use of spatial language in a descriptive way. The
names of classes of standard shapes (triangles, squares, polygons, prisms) are
often used in a descriptive way also and, in practical terms, will be developed
alongside and with other spatial language. Key Understanding 4, page 210,
however, addresses these classes more explicitly.

Students should learn to use a wide range of spatial words in their own
descriptions and explanations—"“round,” “bent,” “straight,” “curved,” “pointy,”
“flat,” “intersection,” “perpendicular,” “circular,” “triangular,” and so on.
Young students may use an informal description for a shape (e.g., “round”
for a circle or “the pointy one” for a triangle), showing they are focused on
the shape. Alternatively, they may use their local community language. If
they consistently use the same word to describe a particular shape or spatial
property, then we can assume they are noticing or attending to that shape or
property. The shift to conventional terms should occur as they hear them
used in context by others. If students do not have a name for a particular
shape or property, then it may be that they do not think of that shape or
property as an important feature of the things they observe. It would then be
helpful for teachers to draw students’ attention to these features by using
appropriate language in context.

Students should then learn to focus on the spatial features of shapes and
describe likenesses and differences between them. They need many
opportunities to observe, handle, and manipulate figures and objects, including
when they are embedded in more complex objects and arrangements. Without
being unduly technical, teachers should use correct spatial language repeatedly

M«
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in contexts that make the meanings clear. Students should then be assisted
and increasingly expected to use the language for themselves, practising
describing the spatial features of objects and surroundings in situations where
there is some purpose in doing so. In Grades 4 to 6, some of the conventional
geometric symbols for representing spatial ideas (such as for angles) should
be introduced. The difficulty students have in learning to use the words,
phrases, and symbols of shape should not be underestimated. Many who are
able to respond to their teachers’ use of spatial language cannot use it for
themselves, even with help.

Links to the Phases

Phase Students who are through this phase. . .
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Recognizing can interpret and are beginning to use the everyday spatial
language of their communities
their informal descriptions show they are focused on features of
shapes, but they may use words like “round” for a circle or “the
pointy one” for a triangle

Describing can talk about shape as well as, say, colour or size if asked to
describe the shape of something, such as a flower, animal, or
building
use common spatial language, such as “round,” “straight,”
“curved,” “edge,” “face,” and side, to describe and compare things
they can see and touch
For example: They may inspect, then describe and compare typical
houses from different climates (using appropriate spatial language
in reporting on the suitability of the shape for its context) or a
triangular pyramid and prism (reporting on the number, shape, and
position of the faces).

Analyzing can identify or make geometric shapes, given a description that
uses conventional spatial language
can describe figures so that peers can select or make them

Relating can describe geometric features of a collection of shapes,
incorporating terms such as “perpendicular” and “parallel” in their
descriptions
For example: A student may say, “On each of these prisms, the
number of edges was twice the number on one of the parallel
faces.”
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Sample Learning Activities

K-Grade 3: % Important Focus

Constructing a Vehicle

Share your thinking with students as you construct a vehicle using 3-D objects
(e.g., packages, boxes, cardboard cylinders). Describe the type of parts needed
as you go. For example, say: I need something to be the cabin of the car. It
needs to be a box shape, big enough for two people to sit in. What could I
use? Now I need something on the back to carry hay. It needs to be flat. What
would be best to use? I need something round for the wheels so that it can roll
along the road.
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Trains

Invite students to take turns to line up objects (e.g., packages, boxes, cardboard
cylinders) to form a train. Have them match each object to a part of the previous
object and describe the part of the object they have chosen to match. For
example, I can match that flat round bit with this round part of my container. I
can match your tall, wide box with my short, wide box. Encourage them to
continue the process until all of the objects are in line. Ask students to recall
why two objects were placed together. Ask: Why was this cylinder placed next
to this paper plate?

Models

Give students objects to handle (e.g., model vehicles, houses, cages, animals,
telephones) and ask them to say what shaped packages and containers could be
used to make a model of the object. Focus students on parts like the neck of a
giraffe and ask: What sort of shape would a package need to be to make this part
of the giraffe? What do you call that shape? What else could you call it?

Spatial Language

Have students follow classroom instructions and answer questions that include
spatial language. For example, say: Take the materials from the container shaped
like a cylinder. Use a long pathway to return to your seat. Which container do
you mean? The one with the square base or the base shaped like a circle? Who
owns this lunch box with rectangles on the sides?

The Clue Game

Invite students to take turns to describe the position of a toy that is part of an
arrangement on a large tray, by giving one clue at a time. For example, My toy
is near the tractor and the cow and it is above the barn. Encourage others to work
out which toy is being described. Ask: Is it between the cow and the barn? Is
it behind or in front of the barn?
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Writing Directions

Ask students to draw a map to show where they played at recess and then
write directions to say how to reach their spot, beginning at the classroom.
Support them in using terms showing direction (e.g., turn, straight ahead,
past, left, right, east, west). Ask: How could someone reach that spot starting
at the office?

Moving Parts

Invite students to use construction materials (e.g., Lego®) to create objects with
moving parts (e.g., the wheels on a car, a snowmobile with skis, a
boat with oars). Encourage students to describe how each part moves—the
transformation (e.g., the ski slides, the wheels turn, the oars turn) before
demonstrating how it moves. Ask: How does that part move? Does it turn?
Does it slide along or does it flip over each time?

Over the Telephone

Ask students to pretend to be on the telephone and describe an object
(e.g., a piece of furniture, a part on a car, an egg cup) to the person they
are speaking to. For example, students may say: You can get this out of the
drawer in the kitchen. It is metal. It is shaped like a half of a small hollow ball
and it sits on a cone shape. Ask: What shapes can you see in your object? How
are they joined together? What is your object used for?

What Shape Am I?

Have students view large pictures of vehicles or buildings and name the shapes
that they see embedded in the picture. Place a large sheet of clear plastic over
the picture and ask them to trace over the shapes to show what the shape is
(e.g., a circle over a wheel, a rectangle over a door) and name it. Invite them
to play “What shape am I?,” taking turns to describe the features of the shape
for others to identify in the picture.

Shapes in the Environment

Encourage students to look around their environment and observe and describe
different shapes. Ask: What shape is the lamppost? What other shape could a
lamppost be? What shapes are the playing fields?

Shape Creatures

Have students arrange a collection of small paper
shapes (e.g., ellipses, circles, rhombuses, squares) to
create creatures both real and imaginary. Invite them
to take turns to describe the creature, using spatial
language from which it can be identified by others.
For example, My creature has two circle heads and a
triangle body with six long thin rectangles for arms.
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K-Grade 3: % % Important Focus

Pick an Object

Spread out a collection of objects on the floor. Invite students to describe an
object in order for another student to identify it. Encourage them to use shape
words, or location words, but not the colour or purpose of the object. Ask:
There is more than one box shape; can you give us a clue that tells us where it
is to help us decide which box it is?

Feely Box

Invite students to describe the shape of an everyday object (e.g., box, foam
cube, cylinder, cone, package of noodles) placed into a feely box for others to
guess what it is. List all the words used and encourage students to decide
which of these describe shape and which do not. Support students to use more
mathematical language. Ask: Is there another word we could use instead of
round? (circle) Can you tell us more about the shape that is soft and spongy?
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Riddles

Invite students to write “What Am I?” riddles using everyday words to describe
shape. For example, I am long and thin, with a pointy part at one end. I am
used in the classroom every day. What am I? (pencil)
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Sample Learning Activities

Grades 3-5: * & Important Focus

Guess My Shape 1

Have one student select a 2-D figure or 3-D object and answer only yes or no
to questions asked by others about its characteristics. For example, Does it
have a circle? Has it got three corners? Is it 2-D? Gradually reduce the number
of questions that can be asked before the answer is given. List all the questions
that were asked and ask: Which ones really helped you pick out the shape or
object? Which questions didn't really help? Which questions do you think you
would ask before others next time?

Guess My Shape 2

Extend Guess My Shape 1, above, by having students describe a 2-D figure or
3-D object that they can feel but not see. Encourage others to draw a diagram
of the shape or object using the information provided until one student is able
to identify and name it. Check in the feely box to see if they are correct. Ask:
Does feeling the shape help? Why? How?

Guess My Shape 3

Extend Guess My Shape 2, above, by organizing students into pairs and having
one student place a 3-D object inside a cardboard box. Invite their partner to
shake the box and ask questions to identify the object. Record the questions
asked and the responses given. Ask: Which objects were easy to guess by the
sound they made? What was it about the shape of the objects that made
different sounds? Which questions were the most useful? Why?

Barrier Game

Invite students to use tangrams or other 2-D figures to make a picture or design
and give instructions to their partner to make the design using the same pieces.
Encourage them to compare the new picture with the original to see if they are
the same. Have students share the instructions that were helpful and those
that were confusing.

Back-to-Back

Have pairs of students sit back-to-back. Invite one student to describe a line
drawing or design for the other to draw without saying the name of the objects
in it. When the drawing is complete, ask them to compare the two pictures
and decide which instructions were most helpful. Ask: How can you make sure
that the person knows how big to make each shape? How can you accurately
describe where the shape should be placed?
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Grades 3-5: * & Important Focus

Favourite Vase

Show students a picture of a vase and say: You broke your grandmother’s
favourite vase and need to replace it. Have students take turns to describe the
vase to a shop assistant over the telephone to see if the shop has one exactly
the same. Write a class list of all of the descriptive words used. Ask: Which
words describe the shape rather than its colour or pattern?

Describe a Pattern

Provide students with a drawing of a simple object or arrangement (e.g., an
acorn and leaf arrangement) and a variety of transformations of it. Invite them
to describe to each other what has been done to the original and try to recreate
the transformation. Ask: How did you have to move the drawing to make that
pattern? Did you just slide it along? Did you flip the pattern or did you turn it
in some way? Was there more than one way you could move the drawing to
make the pattern?

o
=
4
=
©
(&)
=
e
()
=
(=)
()]
(&)
[ =
(=
wv
(3°]
()
o
(4]

Blindfold

Organize students into pairs and have them give their blindfolded
partners directions for moving from their desk to a given place in the
room. Invite them to reverse roles. Ask: Which parts of the instructions
were the most helpful?

What Shape Am I?

Show students large complex pictures (e.g., a city scene, a view of the main
street of a small town, a photo of a classroom taken from a corner) and ask them
to name the shapes that they see embedded in the picture. Place an acetate over
the picture or photo and have them trace the shapes. Invite students to play
“What shape am I?” by describing the features of the shape for others to
identify in the picture. Draw out that some shapes may be distorted and not
appear as they would if you were looking at them front on (e.g., the door may
look like a squashed rectangle). Ask: How would you describe a desk from the
photo? How do you know that it is a rectangular prism in the photo when it
doesn’t look like one?
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Riddles

Extend Riddles, page 200, by having students write “What Am I?” riddles for 2-
D figures and 3-D objects. For example, I have four sides. My opposite sides are
parallel. I have two acute angles. What am I? (parallelogram)

Border Patterns

Invite students to create a collection of border patterns using a computer
program and then choose one of them to describe to a partner. Ask: Which
shape words did you need to use? Which transformation words did you
need to use?

Feely Box

Hide an unfamiliar object like a tap timer, hose joiner, drill bit, or wrench in a
feely box and have one student feel and describe the spatial characteristics
of the object. For example, My object is like two small thin cylinders that make
a cross. Invite students to sketch the object from the description and then
compare finished sketches to the object. Ask: Which one most closely matches
the object? Which words were the most helpful?

Same Purpose

Invite students to examine a collection of objects that are used for the same
purpose (e.g., a milk carton and a milk jug, collection of different staplers,
collection of jugs) and say how the shape of each varies. Ask: Which part of the
objects has to stay the same?
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Sample Learning Activities

Grades 5-8: * & Important Focus

Barrier Game

Organize students into pairs and have one student make a structure or pattern
behind a screen and then give step-by-step instructions to their partner to
make the same thing. Invite them to compare the finished models and say how
they are the same and different. Encourage them to reverse roles and repeat the
process. Support students who are following the instructions to ask questions
about the meaning of the instructions. Ask: What instruction can you give
rather than “next to” so that the person knows where to place the object? How
can you tell your partner how close one object is to another? How can you
explain when an object is to be turned slightly?
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Motif

Have students choose a motif, a simple design or picture. Invite them to give
verbal transformation directions to a partner to follow to sketch or glue copies
of the starting shape onto a long piece of card to make a design. For example,
Rotate it 180°, translate it to the right, and then trace. Do this four more times.
Ask: Were there some instructions that were confusing? What other information
did you need in order to carry out the transformation?

Rotate 180 degrees, translate to the right, repeat four more times.

Reflect sideways and translate to the right, repeat four more times.

Computer Graphics

Have students use computer graphics to print a figure (e.g., polygon) and a
variety of enlargements and distortions of the figure. Invite them to examine
printouts of others and explain what has been done to the original shape. For
example, This rectangle has been dragged from a corner so the angles have
changed size and it looks like a kite. Ask: Which words have you used that
describe the shape?
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Guess My Shape 1

Extend Guess My Shape 1, page 201, by having one student select an object and
then inviting other students to ask questions requiring a yes or no answer. For
example, Are the sides equal in length? Are the equal sides next to each other?
Are they opposite one another? Are any of the sides parallel? Are the diagonals
equal? Encourage students to continue to ask questions until they have the
correct shape. List all of the questions that were asked and then ask: Which ones
really helped you pick out the figure or object? Which questions didn't really
help? Which questions do you think you would ask before others next time?

Lines and Planes

Invite students to find and sketch examples from the environment of parallel,
perpendicular, and horizontal lines and planes. Encourage them to justify their
choice of examples for each category through questions. Ask: What is it about
the louvres, and the sides of the drawer that makes them parallel planes? What
is it about the edges of a chest of drawers that makes the planes perpendicular?

Glossary

Have students build up personal and class glossaries of shape and space words.
Encourage them to extend their glossaries as they ask questions about geometric
figures and objects. Ask, for example: What do you call a squashed square?
What do you call shapes when they are exactly the same?

Coloured Straws

Have pairs of students use coloured straws to play a barrier game. First have
them construct a screen and then invite the first student to arrange their
straws and describe their arrangement for their partner to construct. Encourage
them to compare arrangements. Ask: Which words were most helpful (unhelpful)
in describing the location and arrangement of the straws?

Chart of Words

Over time, have students build up a chart of words that have both a common
and a mathematical usage (e.g., negative, figure, solid, cone). Encourage them
to use a mathematics dictionary to find the differences between everyday
meanings and mathematical meanings.

Sorting Cars

Ask students to sort pictures of similar products or objects (e.g., cars, bicycles,
chairs, shoes, native animals) and describe the spatial features of each group
so that a partner can select the objects. Ask: Why couldnt your partner choose
between the picture of the Volkswagen and the Mercedes (mountain bike and
BMX bike, kitchen chair and lounge chair, running shoes and basketball shoes,
buffalo and deer)? How can you focus your description on the shapes and other
geometric features of the cars (bikes, chairs, shoes, native animals) to make the
differences clearer?
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Grades 5-8: * & Important Focus

Mathematical Language

Present students with sketches of shapes (e.g., prisms, cylinders, cones) along
with descriptions using non-mathematical language (e.g., box, tent, tube,
diamond, squashed rectangle, bowl shape). Invite students to edit the
descriptions by substituting more appropriate spatial terms. For example, I've
sketched this box shape becomes I've sketched a rectangular prism.

Building Barrier Game

Organize students into pairs and have one student build a cube building behind
a screen and then describe the different views of their cube building for their
partner to interpret and build a replica. Invite them to compare the two buildings
and explain any differences in the interpretation of the words used in the
description. Ask: Which part of your structure did you find difficult to describe?
Are there other more helpful words that we can think of that might describe that
more clearly? Which part of your partner’s description did you find confusing?
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Straw Shapes

Have students distinguish between the words “reqular” (all sides same
length and all angles equal) and “equilateral” (all sides same length) and use
symbols to show the difference. For example, give students 25 straws each and
say: Use these 25 plastic straws to make a set of polygons by threading elastic
through them and tying them together. Your set of polygons has to have the
largest possible number of polygons, the straws all have to be the same length
and all the polygons have to be different shapes. Ask: Is a square a different from
a rhombus? How? Draw out that a square is both a regular and an equilateral
shape and that the rhombus is an equilateral shape, but may not be regular. (See
Case Study 2, opposite.) Encourage students to use mathematical dictionaries
to find out how to use symbols to show that all the angles in a figure are the
same size and symbols to show that the length of the edges in a figure are
the same.

Geometric Symbols

Have students construct a chart showing some of the conventional geometric
symbols. Encourage them to research mathematics dictionaries and other sources
to find symbols for representing ideas about angles, parallelism, and congruent
sides in polygons.
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CASE STUDY 2

Sample Learning Activity: Grades 5-8—Straw Shapes, page 206

Key Understanding 3: There are special words, phrases, and symbols that
help us to think about and describe the shape and structure of things.

Key Understanding 4: People have developed useful ways to classify
shapes. Knowing that a shape is one of the standard types can tell us a lot
about it.

Working Towards: Describing and Analyzing phases

TEACHING PURPOSE

My Grade 7 class knew the names of polygons—such as pentagon, hexagon,
heptagon, and octagon—were based on the number of sides, but their image
of these figures appeared mainly limited to regular shapes. I thought that they
would be better equipped to focus on the variation within each type of polygon
if I could develop their spatial language and help them think about representing
spatial ideas.

ACTION

I asked the students to watch as I strung three plastic straws of equal length
onto a piece of thin hat elastic. As I tied the ends of the elastic together,
pulling the straws into a triangle, I posed a problem:

“T am going to give you 25 plastic straws and ask you to make a set of polygons
by tying them together with pieces of elastic. There are three conditions: Your
set of polygons has to have the largest possible number of polygons, the straws
all have to be the same length, and all the polygons have to be different
shapes.”

DRAWING OUT THE MATHEMATICS

The students worked in pairs and discussed their ideas. It was not long before
Candice and Emma began to argue.

“Look,” said Candice, “this is a square, and this one is a diamond shape.”

“But they both have the same sides,” said Emma. “If it's got four sides the
same it's supposed to be a square. I thought they all had to be different
shapes.”

“Are the two polygons the same shape?” I intervened.

The girls agreed they were different shapes, so I continued, “This one is a
square and this one is called a rhombus. What is the same about them?”
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I used the word
“equilateral” in an
almost incidental
manner here and
hoped students would
begin to use it for
themselves. On a later
day, I unpacked the
word for them, talking
about the “equi”
linking to equal and
the “lateral” meaning
“pertaining to the
side.” I linked it to
other related spatial
words, “equiangular”
and “equidistant.”
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“They both have four sides,” answered Candice, “and the sides are all equal.”

“So, they are both equilateral polygons,” I said. “How are they different?”

“The corners are different,” observed Emma. “The square has four right angles
and the rhombus has two pointy corners and two flat corners.”

“So, for squares all four sides are the same length and the four angles are the
same. But for the other figure, all four sides are the same length but the angles
are not all the same.”

“We have a special word to describe figures that have all their sides the same
length and all their angles are the same,” I explained. “We say they are ‘regular.”

I asked Candice and Emma to help me explain the meaning of the word “reqular”
to the rest of the class. I drew a square and a rhombus on the whiteboard.

Candice explained that both figures had all their sides the same length,
but the square also had all of its angles the same size.

After they had finished, I reinforced what they had said by reiterating, “So,
the square is a regular shape because it has all its sides the same size (we say
“equilateral”) and all its angles the same size (we say “equiangular”). The
particular rhombus we have here has all its sides the same size, but not all its
angles, so we would not call it ‘regular.”

I then asked them to experiment with their straws and record the different
shapes they could make and to highlight those that were regular.

AN
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I drew out that they were able to make many different equilateral pentagons with
the straws, but only one was also equiangular and therefore regular. Similarly,
they were able to make many different equilateral hexagons, but only one that
was regular.
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I then suggested, “Have a look at your triangle and decide whether it is regular.
Can you make a triangle that isn't?” The fact that once you

In this case, they found that they could not “push around” the straws to make have fixed the sides of
other triangles. The only triangle they could make with equal sides also has @ triangle the shape is
equal angles, so it is regular. “rigid” is an important
and useful property of
triangles and why they
are used so much in
construction.

I was surprised when one student commented that because the straws were
all the same length, every figure they could make had equal length sides. She
asked if you could have figures with all their angles the same but not all their
sides the same. I chose to have students return to our original problem, but
promised to follow up her question on another day.

Several days later, I used the student’s question to motivate some work on

Key Understanding 4. I challenged students to find a quadrilateral that had The students worked
four equal angles but did not have four equal sides. They struggled with this for 24t th“.t th.ey could
quite a while until one student suddenly realized that all rectangles had equal ™ake six different
angles (were equiangular) but not all had equal sides. I then developed this Shapes with the 25

further along the lines suggested in the Did You Know? on page 223. straws. They could
have one triangle,

four quadrilaterals
(one square and three
rhombuses) and one
hexagon.
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People have developed useful ways to classify shapes. Knowing
that a shape is one of the standard types can tell us a lot about
it.

Shape is a property or attribute of things, and there are infinitely variable
shapes possible, just as there are infinitely variable colours. As for colour,
we have developed standard classifications of shapes and given the classes
names of their own. This naming helps us to distinguish shapes and remember
them. The classes themselves become concepts (“triangle”) with properties
of their own. Thus a “triangle” is the bearer of sets of properties. Students will
go through a series of phases in developing this understanding.

This is a rectangle because it looks like a rectangle. Students initially identify
figures and objects as being one of the conventional kinds by what they look
like as a whole. They may come to know some properties of a particular
figure (a rectangle has four sides), but that is not how they recognize them;
a rectangle is a rectangle because it looks like one. Students should be assisted
to recognize the wide variation included within such words. They should
cut out rectangles, make rectangles with straws and rotate them, so that they
are able to recognize and produce rectangles of any size, shape, or orientation.

This is a rectangle and it has four sides. If students are to move beyond
recognition to understanding that the figures they recognize as being rectangles
all have certain properties in common, they need to manipulate (observing,
cutting, folding, drawing, measuring, and constructing) figures and objects so
that the parts making the whole can be focused upon and properties drawn
out. Students should develop the understanding needed to confidently assert
that rectangles always have four sides and always have right-angled corners
but they do not have to rest on a “flat bottom”—they may even rest on a
point.

This is a rectangle because it has four sides, opposite sides the same length,
and four right angles. It requires a major intellectual shift for students to realize
that it is the properties that define the class. Rather than thinking “this is a
rectangle and all rectangles have four sides, opposite sides the same length,
all right angles” they need to understand that “this is a rectangle because it has
four sides, opposite sides the same length, all right angles” and “this is not a
rectangle because it does not have all these properties.” While the student will
continue to think of a “rectangle” as a whole and recognize it at a glance,
properties become the means of convincing oneself and others that particular
figures and objects do fit within a particular class.
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This square is also a rectangle because it has four sides, opposite sides the
same length, and four right angles. There is, however, more to learn. Students
may know that a figure is a rectangle if it has certain properties but not see
that properties of figures are related to each other (if a quadrilateral has four
right angles it must have opposite sides the same length—a rectangle) or
that classes of figures are related (all squares must also be rectangles). Students
will benefit from activities focusing on relationships between properties.
Only when students understand that properties are related to each other do
they understand that knowing just a few properties of a figure or object
enables us to work out other properties. And this is the most useful aspect of
geometry.

Links to the Phases

Phase Students who are through this phase. . .

Recognizing can match particular shapes with few difficulties even when they
are required to change the orientation of the shapes by turning
them around or flipping them over

Describing are more precise in their identification of common figures and
reject as a triangle something that has curved edges or edges that
do not meet or cross each other
know the names of some shapes, such as “triangle,
“sphere,” and “rectangular box”
recognize conventional named geometric concepts, such as
triangle or prism, within natural and human-made environments as
well as pictures, standard drawings, and models of them

" ou

cube,”

Analyzing can describe the geometric features of a collection of shapes

Relating can make more abstract statements describing the features of
collections of shapes, such as about “all rectangles” or “all prisms”
For example: A student may say, “All squares are rectangles, but
the reverse is not true,” and reject as inadequate a description of
a rectangle as “a four-sided figure with opposite sides parallel,”
offering the following figure of a rhombus as a counter example:

N
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Sample Learning Activities

K-Grade 3: % Important Focus

Scavenger Hunt

Give students as many opportunities as possible to find figures that match.
For example, devise clues based on geometric shapes (e.qg., it has four sides all
the same length, it has one line that curves and joins) for games that resemble
scavenger hunts. Have students interpret the clues and find the appropriate
shapes. Encourage students to discuss their decisions and share with the class,
telling what clues helped them decide a figure was or was not a rectangle
(circle, triangle, cone, sphere, cylinder).
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Shaped Formations

Have students take turns to arrange the class members into given shaped
formations (e.g., square, circle, semicircle, triangle) for playing games or
observing activities (e.g., visiting pets). Gradually support students to decide
where they need to stand in the arrangement to make the shape. Ask: How
many people do we need to make the corners of a square? Is there enough
room for the rest of the class to stand along each side? What will the students
at the corners have to do to make more room along the sides? How can we
make all the sides the same length?

Triangle and Square

Place a square and a triangle in a bag and ask a student to select one and tell
the class what it is just by the feel. Ask: How did you know it was a triangle
(a square)?

Favourite Figures

Invite students to make their favourite figures from straws or pipe cleaners.
Ask: What is your shape? What do you like about it? How many sides (corners)
does your shape have? What would you say a corner is? Say: Take away one
side. What changed? What else changed? What happened to the corners? Does
this figure have a different name?

Stick Shapes

Have students make a known polygon using craft sticks. Ask: What is your
shape called? Why do you think it is called that? Say: Add another side to
your shape. Make up a name to describe this shape. Encourage students to
continue to add to their shape and each time invent names for their new shape.
Ask: How could we find out what these shapes are really called?
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Puzzles

Cut geometric shapes (e.g., squares, triangles, circles) into a number of pieces
and invite students to reassemble them from the pieces. When students complete
a puzzle, have them tell their partners, group or class what clues they used
to help decide how the shape should be reassembled. For example, I knew the
triangle had to have three corners, but if I had put it that way, it would have had
four. Circles have no corners, so I knew the pointy bits had to fit on the inside.

Triangle puzzl Circle puzzle

Shape Structures

Provide groups of students with about 10 to 20 of the same solid (e.g., spheres,
cubes, pyramids, cylinders). Invite each group to build a structure made of
their particular shape. Encourage them to discuss the suitability of using a
different shape to make the same structure. Ask: Could you build such a high
tower with spheres? Why? How? What problems did you have building with
pyramids? Which shapes do you think were the best for building towers? Why?

Toothpick Figures

Show students a range of figures including semicircles and hearts and tell them
the names of each. Ask: Which of these shapes can be made from toothpicks?
How do you know? Use toothpicks to make the figures. Ask: Why can some
figures be made with straight material and others can't?

Rectangles and Triangles

Invite students to construct different-shaped rectangles and triangles and pin
them onto a chart labelled “Rectangles,” “Triangles,” and “Not Rectangles or
Triangles.” Contribute some uncommon shapes to the chart, including very
long thin rectangles, low flat scalene triangles, a triangle orientated on a

point, and a figure
resembling a triangle
with curved edges. Invite
students to say which
category the figures go
into and why. (See Case
Study 3, page 220.)
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K-Grade 3: % % Important Focus

Part of a Figure

Show students a part of a triangle, and say: This figure has a piece cut off it.
I wonder what figure it was to start with. Draw what you think the missing
part looks like. Ask: Why do you think that? What else could it be? Encourage
students to use toothpicks or straws to explain their thinking. Repeat this with
other figures.
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Paper Squares

Provide students with paper squares and have them cut the figure so it is no
longer a square. Ask: What name would describe the figure you have made?
How do you know it is not a square any more? Add students” suggestions to
a wall glossary of terms.

Rectangles

Invite students to draw pictures of a variety of rectangles with different
dimensions, including squares, and describe each example in their own words
(e.g., a long thin rectangle, a small square rectangle, a fat rectangle). Ask: Why
do these figures belong to the rectangle family? Show other figures (e.g.,
parallelogram, rhombus) and ask: How could this figure be related to the
rectangle family? What is the same? What is different?
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Sample Learning Activities

Grades 3-5: % % Major Focus

Trains

Invite a student to describe the properties of a box and suggest a name for the
box based on those properties (e.g., two square faces). Have another student
find a box with one matching property and place it end-to-end with the first
box. Encourage students to take turns to continue the process until all of the
boxes of that type are in line. Ask students to recall why each of
the two boxes were placed together. Ask: Which parts of these two boxes
match? How is that box different from this one?

Hexominoes

Ask students to decide by looking and visualizing whether a hexomino figure (an
arrangement of six squares with at least one side of each meeting) could be
folded into a cube. Ask: If it won't fold into a cube, how will it need to be
changed? Why?
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This hexomino cannot fold into a cube. This hexomino can fold into a cube.

Guess My Shape

Have one student hold a figure behind a screen and then slowly move it up
for all to see. Encourage the student to stop periodically and invite the other
students to say what shape it could be, based on what they can see so far.
When they change their minds about which shape it is, ask: Why? What made
you decide it could not be a triangle now? What made you think it might be a
square? What else might it be?

\LA\\‘\

I think it may be It's got two square comers so it can't fprobably a square because it has

a triangle. be a;rlangle—n lcould be a square or three square corners showing and the two
maybe arectangle. sides look the same length.
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Grades 3-5: % % Major Focus

Choose a Shape

Invite students to choose a 2-D figure or 3-D object, find out all they can
about it, and create a chart to record the information about it in an interesting
way. Display the charts and ask students to say which figures and objects they
think go together and why.

Concentration

Invite students to choose a 3-D object and make pairs of cards about that
object: one card showing a drawing of the object and one showing each of the
faces by tracing around them. Organize students into groups and have them
combine their cards to play concentration. Each time they match cards, ask
them to explain how the faces match the picture of the 3-D object.
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Pastures and Tables

Have students use what they know about properties of shapes to solve problems.
For example, say: A farmer has a square pasture. He measures one side. Ask:
How can he use this to know how much fencing to buy? Will he need to measure
the other side? What does he need to know about squares? Have students
measure one side of a table. Ask: Do you know how long any of the other sides
of the table are? What if the table is a square?

Covering Containers

Have students use paper to cover one face of a cube, cardboard box, or jar.
Ask them to decide on the type and number of shapes they will need to cover
the whole object. Have them draw a diagram of the faces of the object and
have it verified by a partner before making the shapes and covering the object.

What Am I?

Have students choose a 2-D figure or 3-D object and write a “What Am I?” for
others to guess the shape. For example, I have six edges. I have four corners
(vertices). I have four flat faces. I am a 3-D shape. What am I? Ask: How did
you know which shape it was? Which bit of information convinced you? What
other things could you say about the shape?

Cylinder Nets

Show students the following nets and ask them to say which of them can be
folded to make a cylinder. Encourage them to justify their choices by referring
to the properties of a cylinder. Ask: What do you know about a cylinder that
helped you to decide it would (wouldn’t) work?
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Quadrilaterals

Have students draw three different quadrilaterals on separate cards approximately
the same size and describe how each is different from the others. Ask: How
are they different? What is different about the length of the edges? What is
different about the angles? Organize students into groups and invite them to
work together to sort their figures. Encourage them to share the different ways
they sorted. Ask: How is this group different from that group? Have students
label each group with an appropriate name and justify their choices.

Geoboard

Have students work on a geoboard to change a quadrilateral with no equal or
parallel sides to a trapezoid, a trapezoid to a parallelogram, a parallelogram to
a rectangle, a rectangle to a square. Encourage them to say which part they
needed to change to make each new shape and explain how this relates to the
properties of the shapes.
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Sample Learning Activities

Grades 5-8: * % Major Focus

Sketching Solids

Have students visualize and sketch a solid such as a cylinder. Display all the
sketches and list things that are the same and things that are different about
the cylinders. Ask: How do we know that an object is a cylinder? Repeat the
activity for a pyramid. Ask: What makes a pyramid a pyramid?

Sketching Objects

Have students use standard 3-D objects as a basis for sketching a range of
everyday objects. Ask: Why can we represent a candle, mug, or bottle as a
cylinder? What objects around you could be represented by a rectangular prism
(a cube, a cone)?
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What Am I?

Invite students to write “What Am I?” riddles for 3-D objects for others to
solve. For example, I am a polyhedron. I have five faces, and one face is a
square. I have five vertices. I have no parallel faces. I have four triangular faces.
What am I? Ask: At what stage were you sure of the shape? What information
was not really necessary?

Shape Clues

Uncover a list of increasingly specific clues about a shape one at a time until
students work out the shape. For example, say: It has straight sides. All the
angles are the same size. All the sides are the same length. It has four sides. At
least one angle is 90°. Ask: Would it have been possible to identify the shape
from an earlier clue? Why? Why not?

True or False?

Say: When Jim was making up rules to describe a square, he said Four sides
equal so four angles equal. All sides equal means opposite sides equal. Right
angles are equal, so that means opposite sides are equal. Invite students to
explain why they think each statement is true or false. Ask: Is the first statement
true? Why? Why not?

Practical Problems

Have students use their knowledge of the properties of shapes to solve practical
problems. For example, ask: How can the mats for t-ball be correctly placed on
the field? How can a circle be drawn on the asphalt for games like dodge ball?
How can an accurate rectangle be drawn for games like volleyball? How does
knowing the diameter of a tennis ball make it possible to design a cylinder
that will hold three tennis balls?
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Identifying Prisms

Give students a sheet showing diagrams of a range of geometric solids (e.g.,
cylinders, prisms, and pyramids). Ask: What would you tell someone to look
for if they had to identify all the prisms on this sheet? Can you shorten your list
and still give your partner sufficient information to identify only prisms?

Every Square a Rectangle

Say: My sister said that every square is a rectangle but every rectangle is not
a square. Ask: How can that be so? Invite students to list all the properties of
each and mark those that are the same for both shapes. Ask: What is the only
property that a square has that a rectangle doesn’t? Are there any properties of
a rectangle that a square doesn’t have?

Quadrilaterals Four-sided figures
Give students a mixed set of quadrilaterals
quadrilaterals to sort. Ask: How 7 Two sides

many groups can you make? How arallel
did you decide on the groups? v R
Encourage students to choose from - paral?el S

a collection of labels for each group |
(trapezoid, parallelogram, rhombus, U

you re-sort the groups? Why? Why
not?

Relationships

Give students names of quadrilaterals on cards and cardboard arrows
and ask them to show relationships between the shapes as a tree diagram.
Start with the quadrilateral card and decide on possible positions for the
trapezoid, parallelogram, rhombus, rectangle, and square. Invite students to
compare their trees by starting at the square and reading each arrow as ...is a
special... For example, A square is a special rectangle, that is a special
parallelogram, that is a special quadrilateral. Encourage students to discuss the
properties that informed their judgments. Ask: What are the properties that
make all rectangles parallelograms, but not all parallelograms rectangles?

Sorting Triangles

Have students sort a range of different triangles, decide on a label for each
group, and say how each group is different. Invite them to compare their
categories with other students and refine their categories if they need to.
Encourage students to refer to a mathematics dictionary to see how their
categories compare.
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CASE STUDY 3

Sample Learning Activity: K-Grade 3—Rectangles and Triangles, page
213

Key Understanding 4: People have developed useful ways to classify
shapes. Knowing that a shape is one of the standard types can tell us a lot
about it.

Working Towards: Describing phase

TEACHING PURPOSE

My Grade 3 students could recognize triangles, rectangles, and squares in the
environment, although they did not yet know that squares are special sorts of
rectangles. Most used the words correctly when talking about the shapes, but
they saw rectangles as close to “book” or “door” proportions and sitting on
their ends or sides, and triangles as close to equilateral triangles and sitting on
a flat side, not a point.
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I planned a tactile construction activity that might force the students to focus
on some of the features of each type of shape.

ACTION AND REFLECTION

Three sections of the bulletin board were labelled: “These are all rectangles,”
“These are all triangles,” and “These are not rectangles or triangles.”

The students were told that we were going to make some different-shaped
rectangles and triangles and pin them onto the board. If they accidentally
made any that did not turn out, they could put them in the third space.

Groups of students used one of the following sets of materials. Each type
of material forced students to focus their attention on different aspects
of polygons:

e drinking straws, lengths of wool, scissors—cut straws to size and string
together and tie to make the shapes (focus on the size relationships of the
sides)

® coloured paper squares—fold to make figures, overlaps can be cut off,
but the sides must be formed by folds (focus on the shape of the corners)

¢ paint, brushes, and white paper—paint shapes on the paper (focus on the
need to create straight sides and sharp angles)

To create the need for students to compare and discuss properties of the figures,
I asked groups to ensure that each figure they made was different in size or
shape to any of the others in their group.
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When examples had been placed on the bulletin board, I gathered the class
for a discussion, asking, “Which shape was easiest to make?”

“Triangles are easy, you just cut three straws and tie them together, but I had
to cut two long ones and two short ones for a rectangle, and then I had to do
it little one, big one, little one, big one. And then it’s still no good, it was all
floppy. We had to pin it up to get it even.”

“Any old folds make a triangle, you just have to fold it to make a point, then
fold the other side over, but for rectangles, it’s got to be two and two and it's
got to be just right.”

“T couldn’t get the corners of the triangle pointy enough because the paintbrush
was too big. I could do the rectangle though.”

CHALLENGE EXISTING KNOWLEDGE

To extend and challenge the limited range of figures students made,
I placed some non-stereotypical rectangles and triangles, which I had previously
made, into the categories. This stimulated discussion.

“That’s too long and skinny to be a rectangle,” they exclaimed.

I asked Kieran what he had to think about when he was making his straw
rectangle.

“It had to have two long ones and two shorter ones, and you had to go short,
long, short, long to make it work,” said Kieran.

“Well, mine has got two long and two short sides, and look, mine goes short,
long, short, long as well,” I said, as I pointed to my rectangle.

The class examined all the rectangles they had made and reached a consensus
that all the rectangles fitted this description, so the long skinny one did
belong.

The students were adamant that my squares were not rectangles. I told them they
were, in fact, a special kind of rectangle, but as I could see most were confused
by this idea, I decided to leave it to a later lesson.

They also questioned my placement of other figures.
I focused some discussion on the triangles.

“So, what do we know about triangles? What do all triangles have to have?”
I asked.
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“Can't be a triangle
because the top corner
is not pointy enough.”

“Triangles have a flat
side on the bottom so
it's not a triangle.”

“It has to be a triangle
because it's got three
pointy corners.”

FSIMO008 | First Steps in Mathematics: Geometry and Space

The students suggested the triangles all needed
three sides and three “points.” I asked them to
have another look at each of the triangles at the
left.

“So, hasn’t the first one got three sides and three
points?” I enquired.

“No, it's got three sides but only two points,” said
Leila.

“But what about this bit, isn’t that a point too?” I
asked, indicating the other corner.

After looking at the range of corners in other figures
that the students had classified as triangles, they
accepted that the three corners of a triangle did
not have to be as “pointy” as they first thought. I
had to tell them, however, that the sides of
triangles (and rectangles) have to be straight.

I dealt with the students’ rejection of the triangle
“standing” on its point by reorienting the straw
and folded paper triangles in different ways, asking
if they were still triangles. The students quickly
reasoned that the sides and corners of the triangles
did not change no matter how the figures were
placed.
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When we see a four-sided figure, with four right angles, we think
“rectangle,” we call it a rectangle, and we expect students to learn to do
so also. Although we know that rectangles are four sided and therefore are
a subset of a bigger class called quadrilaterals, we often leave that unsaid.
Similarly, when we see a four-sided figure with four right angles and four
equal sides, we think “square” and students learn to do so also.

The challenge comes, however, when they have to learn that just as
rectangles are special kinds of quadrilaterals (the equiangular
quadrilaterals), so, too, squares are the special rectangles that have all their
sides the same length (the equilateral rectangles). So, squares belong in
the bigger set called rectangles.

In a similar way, rhombuses are special kinds of quadrilaterals (the
equilateral quadrilaterals) and squares are the special rhombuses that
have all their sides the same length (the equiangular rhombuses).

At the end of Case Study 2 on page 209, one student asked, Can you have
figures with all their angles the same but not all their sides the same? The
teacher returned to that question a few days later. What he also plans
to do, however, is to develop some classification activities that help
students build up the relationships in the diagram shown here.

Some Special Quadrilaterals

Angles Sides
are equal are equal
(rectangle) (rhombus)

Angles are equal and
sides are equal
(square)
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Appendix

Line Masters
Planning Master
Diagnostic Map Masters
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Name: Date:

Line Master 1 7 x 7 Grid
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Name: Date:

Line Master 2 1-mm Grid Paper
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Name: Date:

Line Master 3 Ten-Sided Number Cube

Cut out this shape, fold along the lines, and tape the edges together.
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Name:

Line Master 4 Isometric Dot Paper
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Name: Date:

Line Master 5 Transformation Puzzle
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Name: Date:

Line Master 6 2-mm Grid Paper
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Name: Date:

Line Master 7 4 x 4 Grid
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Name: Date:

Line Master 8 Regular Polygons

9
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Name: Date:

Line Master 9 Circular Grid
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Master 10 Dot Paper
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Name: Date:

Line Master 11 Regular Polygons
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Diagnostic Map: Geometry and Space

During the Emergent Phase

As students move about their environment and explore the objects in it, they respond perceptually to
spatial features, encoding shape and the location of objects they can see within a framework of landmarks.

As a result, they begin to name things they can see and touch in ways that reflect attention to shape
and they can match simple shapes in an impressionistic way.

Also as a result, they begin to understand that we can represent the relative position of neighbouring
things, for example, placing a toy boy under the toy table to “stand for” the real boy under the real
table.

By the end of the Emergent phase, students typically:

m distinguish shape from other attributes that relate to how things “look” (e.g., colour, size, texture), although they
may not do so consciously

m use informal language that indicates they are responding to shape (e.g., “the pointy one”)

B carry out matching tasks by selecting a matching shape from a collection and either posting shapes in boxes or fitting
shapes into cut-outs

m notice similarity in the shape of familiar things, saying, for example, it “looks like” a see-saw or a car or a ball

m reproduce simple geometric configurations if only encoding is required; that is, build a matching shape or arrangement
to one that is constantly in sight

m draw simple figures by imitating how they have seen them drawn (including letters and numbers)

m give directions from one landmark to the next when retelling a journey or places in a story (e.g., “go to the pond,
go on the bridge, go home”)
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Diagnostic Map: Geometry and Space

240

Recognizing Phase

Most students will enter the Recognizing phase between 4 and 5 years of age.

As students move from the Emergent phase to the Recognizing phase,
they:

m refer to objects by their everyday or toy names (blocks, bricks, party hat) rather than their shape
m may not think to turn a figure over or around in order to match or post in cut-outs

m may have difficulty in matching a shape by feel alone (e.g., in feely boxes) as they grope and
pat objects rather than explore in a way oriented to discerning shape

m given drawings, will not distinguish, for example, triangles from “almost triangles,” relying on
an impressionistic match

m may be able to copy a figure such as a square with toothpicks but not be able generally to copy
one from a ready-made drawing unless shown how (that is, they have difficulty in dissecting
the parts and deciding the sequence or route to bring the components together)

These are the learning challenges for the Recognizing phase.

During the Recognizing Phase

Students’ exploration of objects and space through touch and sight gradually becomes more
regulated as they attend to spatial features and construct mental and visual representations of
shapes and arrangements in space.

As a result, they can copy simple figures and recognize figures of “the same shape,”
constructing visual images or prototypes of what people mean when they refer to common
figures and objects (e.g., This is a rectangle because it looks like a rectangle.)

Also as a result, they construct visual images of familiar objects and of where objects are
within familiar spaces and locations.

By the end of the Recognizing phase, students typically:

)

m describe figures and objects using terms that are evocative of shape, such as “corner,
“lopsided,” “slanty”

pointy,”

m learn the names of some shapes (triangle, cube) although which names they know will depend
upon the frequency and naturalness of everyday use at school and home

m describe conventional figures and objects by reference to prototypes they “look like”; e.g., “It’s
a door shape.”

m select ready-made materials that “look right” to make recognizable models of parts of their
environment (e.g., circular pieces for wheels, a cylinder for a tree trunk)

m remember what some families of shapes look like and produce recognizable versions; e.g.,
draw a figure that resembles a triangle with three lines that more or less join at their end points
or as a continuous curve with three “straight” sides and three corners

m remember key aspects of the way things look and try to reproduce them in their drawings; e.g.,
drawing circles for wheels; putting two eyes, a nose, and a mouth on a face
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Diagnostic Map: Geometry and Space

Recognizing Phase cont.

m begin to give simple explanations that relate shape to purpose (e.g., circles for wheels, blocks
to stack)

m relate the position of objects to each other in familiar settings using terms such as “behind,”
Ilnearll

m draw or make simple “route” maps and models that show a sense of spatial relationships and
order, although only for local settings that they have freely explored
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Diagnostic Map: Geometry and Space

Describing Phase

Most students will enter the Describing phase between 6 and 7 years of age.

As students move from the Recognizing phase to the Describing phase,
they:

m explore objects using touch (e.g., in a feely box) oriented to shape as a whole, not generally
focused

m while implicitly knowing some features of a familiar type of figure (triangles have three sides,
triangles are pointy), do not recognize them in that way; a triangle is a triangle because it looks
like one

m can identify familiar shapes singly but not within complex configurations or in non-standard
orientations

i

m use terms such as “corner,” “pointy,” “lopsided,” “slanty” vaguely and inconsistently

m are not consciously aware of properties; e.g., they could produce a recognizable rectangle
without realizing that it had right angles

m although able to perceive the difference between a 2-D and 3-D thing, may think the word
“shape” refers to a 2-D attribute and so may say there is no difference in the shape of a ball
and a hoop, since both are called by the same shape name “circle”

m when drawing a 2-D figure (e.g., a circle) to represent a 3-D object (e.g., a ball), think of the
region inside the circle as inside the ball rather than as the surface of the ball

m in trying to represent what an object is rather than how it happens to look, may draw what
they know to be there; e.g., they show a hidden handle on a cup, or draw more sides of a cube
than one could possibly see

m will often show a mixture of viewpoints in the same picture; e.g., side view of the legs of
the table and top view of the table top and the items on it

These are the learning challenges for the Describing phase.

During the Describing Phase

Through their own physical and perceptual action on spatial configurations focused on interpreting,
describing, and representing the parts making the whole, students make sense of the spatial
relationships within figures, objects, and arrangements and in the visual representations of
them.

As a result, they identify the features of particular figures (This has four sides and two of
its sides are equal.) and objects (This has six faces and they are all rectangles.) and construct
3-D meanings for the 2-D representations of 3-D that are conventional within their culture.

Also as a result, students pay attention to the shape and placement of component parts when

they draw, match, make, and copy things and are able to think of objects in positional
relationship to each other rather than in relation to themselves.
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Diagnostic Map: Geometry and Space

Describing Phase cont.

By the end of the Describing phase, students typically:

m respond to a request to “tell me about the shape of this ...” using language such as “flat,”
“curved,” “side,” “round,” “face,

) " ou " ou

edge,” “square,” “angle,” “base”
m compare and contrast geometric figures

m are able to identify the faces, edges, and vertices of a geometric object and hence select
component parts to make it in various forms (skeletal, hollow)

m understand that the word “shape” refers to or signifies both a 2-D and 3-D attribute and so
understand, for example, that a cube and a square are different shapes and have different names
even if they cannot recall the names

m when using a 2-D figure (e.g., a circle) to represent a 3-D object (e.g., a ball), interpret the
region inside the circle as representing the surface of the ball

m match the 2-D figures with the faces of standard 3-D objects
m select nets that have the right component parts to match a simple object

m pay attention to the shape and placement of component parts when they interpret and make
drawings

m observe the component geometric parts within pictures and patterns and the movement
needed to produce them

m attempt to produce visual reality in drawings by only drawing the objects or parts of objects
that can be seen

m rearrange and combine a few shape pieces (e.g., tangrams) to make another specified shape,
such as a square

m repeat multiple copies of a figure in a systematic way to create a pattern

m recognize repetitions of the same shape embedded within arrangements and patterns

m identify component parts to show that a shape or arrangement is symmetrical

m are able to describe one thing being between others and put key features in order on a map

m attempt to show a bird’s-eye view of familiar settings with a “rough” sense of proximity
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Diagnostic Map: Geometry and Space

Analyzing Phase

Most students will enter the Analyzing phase between 8 and 10 years of age.

As students move from the Describing phase to the Analyzing phase,
they:

m may think of a figure as a “picture” of a shape and so may, for example, think of a slant
parallelogram as a rectangle looked at from “the side” (as in 2-D drawings of 3-D)

m may keep the same name for a transformed figure; e.g., a rhombus is just a pushed over
square so it is still a square, an ellipse is a stretched out circle

m may use descriptive terms in ambiguous or incorrect ways; e.g., using “side” to mean “on
the side” as distinct from “top” or “bottom”

m may still respond to figures by their overall appearance, and may therefore not recognize a shape
when it is presented in an unfamiliar orientation; e.g., a square drawn “on its point” may
not be recognized as a square, others will say that will be a square “if you turn it around”

m will be aware of some properties related to a common figure, but these properties may continue
to play no detectable role in the recognition of the figure and students do not generally call
upon properties to justify why a figure is or is not in a particular class

m may give vague descriptions that could apply to a number of different shapes, perhaps focusing
on only one feature of a figure or object

m although now understanding which objects or parts of objects are seen or not seen, do not yet
understand how they are seen (e.g., shape, orientation, size) and so have difficulty making their
drawings “look right”

m even when provided with a drawing to copy, are influenced by how they think about or
describe the object to themselves, so if told a drawing is a cube, they make the top face
more square, if told it is a house they make the top more slanted

m select or draw nets that have the right component parts to make a particular object, but
often ignore the relationship of the parts of each other so do not position them correctly to
fold into a net

m may have little overall sense of relative position or scale in their plans and maps; e.g., they
may draw their own desk larger than those of other students in the class

These are the learning challenges of the Analyzing phase.

During the Analyzing Phase

As students consciously compare and contrast spatial configurations, they form generalizations
about relationships both within and between figures, objects, movements, and arrangements.
Through their own experimentation, they realize that when an object or arrangement is
transformed, relationships between its component parts may be preserved or not, and they try
to visualize “what happens” when things are represented or moved.
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Diagnostic Map: Geometry and Space

Analyzing Phase cont.

As a result, students establish that shapes and movements they recognize as in the same
class have features in common, thus the term “triangle” can now be interpreted as a collection
of properties (a closed figure with three sides) that can be represented by many figures.

Also as a result, students try to ensure that desired relationships are preserved when they make
(e.g., produce a net of an object, make a scaled copy), represent (e.g., draw a map or a
diagram of an object), or move things (e.g., look from a different view, fold and unfold,
turn).

By the end of the Analyzing phase, students typically:

m give a detailed list of properties in their descriptions of shapes, confidently asserting, for
example, that rectangles always have four sides and always have right-angled corners

m select figures and objects based on geometric descriptions such as “have five faces and nine
edges”

m know from the properties of a rectangle that a slant parallelogram cannot be a rectangle even
though it is what a rectangle face on a block “looks like” from “the side”

m understand that lines drawn obliquely to the horizontal suggest depth and incorporate this into
their drawings of objects

m use mathematical conventions to represent objects in different types of drawings

m match suitable nets to prisms and pyramids that are actually present (not drawn) by considering
the shape and placement of the component parts

m produce their own nets for geometric shapes that they can see and touch

m visualize the folding process to say which of a number of potential nets that have the right
number and shaped components will actually fold up to form a cube or prism

m select and build arrangements of geometric figures to match information in drawings and plans

m describe characteristic features of mirror symmetry; e.g., may explain that for mirror symmetry,
matching parts of figures are the same distance away from the mirror line

m visualize and reproduce the folds and cuts needed to produce symmetrical designs
m explain why they think a shape will not tile by focusing on the corners

m identify the particular rotations, reflections, and translations that relate to the component parts
of simple arrangements and patterns

m understand that when figures are rotated, reflected, and translated, the position and/or orientation
change but the size and shape do not, so the original figure can be superimposed on the
transformed (or moved) figure

m understand that when figures are enlarged or reduced, the shape stays the same but the size
changes (the position and/or orientation may change); that is, “scaled” figures keep the same
shape and so look “the same but smaller” or “the same but bigger”

m understand the use of “scale” on a map to preserve proximity between things being represented;
that is, to show the relative distance between things

245
FSIMO08 | First Steps in Mathematics: Geometry and Space @@@@
BY NC ND

© Western Australian Minister for Education 2013. Published by Pearson Canada Inc.


http://creativecommons.org/licenses/by-nc-nd/3.0/

Diagnostic Map: Geometry and Space

Relating Phase

Most students will enter the Relating phase between 11 and 13 years of age.

m recognize and use a top view to represent familiar locations on plans using order and relative
proximity among landmarks

As students move from the Analyzing phase to the Relating phase, they:

m may include irrelevant features as properties of families of shapes if they have only experienced
shapes in upright orientations; e.g., they may think that the “top” and “bottom” sides of a
trapezoid have to be parallel

m may have a correct verbal description for a concept and “know” they should use it but be
unable to override a strong visual image or prototype; e.g., they may reject a square resting on
its point as a square, even though it fits their definition

m may not generally understand that one class of shapes can be included in another, so that
while they can be taught to recite that squares are special rhombuses, most do not understand
why or how

m may have a well-developed concept of a particular shape, but their definitions may not provide
sufficient features to define the shape; e.g., they may say that a rectangle is a shape with
four sides and opposite sides the same length

m may define a class of geometric shapes and include many of the known features, not simply a
sufficient set, thus providing redundant information

m may see properties as distinct from each other and so not see that some properties are a
consequence of others; e.g., if a quadrilateral has four right angles it must have opposite sides
the same length

m cannot typically coordinate all the components and measurements needed to plan a net
completely from imagination or from specifications (except for simple well-rehearsed objects)

These are the learning challenges for the Relating phase.

During the Relating Phase

Students develop coordinated mental representations of spatial configurations in relation to their
component parts enabling them to mentally manipulate and transform figures, objects, and
arrangements. Through investigating properties of shapes and movements and inter-relationships
between them, their use of visual images becomes constrained by their more abstract verbal
knowledge of the properties.

As a result, students are able to visualize the result of systematically moving or folding
figures or moving objects or themselves in relation to an object and to represent
transformations. They also integrate distance and direction in their descriptions of paths and
locations and can represent them on coordinate systems.

Also as a result, students come to recognize relationships between properties and between

common classes of shapes; e.g., This square is also a rectangle because it has all the properties
of a rectangle.
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Diagnostic Map: Geometry and Space

Relating Phase cont.

By the end of the Relating phase, students typically:

m understand what a definition is and use counter examples to show that a definition such as “a
rectangle is a shape with four sides and opposite sides the same length” is not adequate
because it does not exclude some shapes that are not rectangles

m use properties to convince themselves and others why a figure or object belongs to a class; e.g.,
This is a square because it has four equal sides even though it is not resting on a “flat bottom.”

m understand that knowing just a few properties of a figure or object enables us to work out
(deduce) other properties

m understand relationships between properties of a figure; e.g., if a triangle has two equal angles
then it has two equal sides

m understand class inclusion and so can classify figures and objects hierarchically; e.g., all
squares are rectangles but not all rectangles are squares

m produce their own nets, considering in advance the level of precision needed to ensure the shape
is correct in form and size, where tabs will be, and so on

m predict which face on nets will match which face on corresponding objects

m predict the effect of particular movements (translations, rotations, and reflections) on the
orientation and position of figures and objects

m visualize an object or scene in different orientations, drawing other possible views of an object
from information in 2-D drawings
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